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' Abstract 



In this paper wc study a two-dimensional directed self-avoiding walk model of a random 

copolymer in a random emulsion. The copolymer is a random concatenation of monomers 

of two types, A and B, each occurring with density i. The emulsion is a random mixture 

of liquids of two types, A and i?, organised in large square blocks occurring with density p 

and 1—p, respectively, wherep € (0, 1). The copolymer in the emulsion has an energy that 

' is minus a times the number of AA-matches minus d times the number of SB-matches, 

-4-^ . ... 

, where without loss of generality the interaction parameters can be taken from the cone 

{{a, /3) S : a > To make the model mathematically tractable, we assume that 

the copolymer is directed and can only enter and exit a pair of neighbouring blocks at 

diagonally opposite corners. 

In [5] , a variational expression was derived for the quenched free energy per monomer 

' in the limit as the length n of the copolymer tends to infinity and the blocks in the 

l/^ , emulsion have size i„ such that L„ — s- oo and Ln/n — > 0. Under this restriction, the 

' free energy is self-averaging with respect to both types of randomness. It was found 

that in the supercritical percolation regime p > pc, with pc the critical probability for 

0^ ' directed bond percolation on the square lattice, the free energy has a phase transition 

, along a curve in the cone that is independent of p. At this critical curve, there is a 

transition from a phase where the copolymer is fully delocalized into the v4-blocks to a 

phase where it is partially localized near the AB-interface. In the present paper we prove 

three theorems that complete the analysis of the phase diagram : (1) the critical curve is 

Jv> , strictly increasing; (2) the phase transition is second order; (3) the free energy is infinitely 

^ ■ differentiable throughout the partially localized phase. 

In the subcritical percolation regime p < Pc, the phase diagram is much more complex. 

This regime will be treated in a forthcoming paper. 
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Figure 1: An undirected copolymer in an emulsion. 

1 Introduction and main results 
1.1 Background 

The problem considered in this paper is the localization transition of a random copolymer 
near a random interface. Suppose that we have two immiscible liquids, say, oil and water, 
and a copolymer chain consisting of two types of monomer, say, hydrophobic and hydrophilic. 
Suppose that it is energetically favourable for monomers of one type to be in one liquid and for 
monomers of the other type to be in the other liquid. At high temperatures the copolymer will 
delocalize into one of the liquids in order to maximise its entropy, while at low temperatures 
energetic effects will dominate and the copolymer will localize close to the interface between 
the two liquids, because in this way it is able to place more than half of its monomers in 
their preferred liquid. In the limit as the copolymer becomes long, we may expect a phase 
transition. 

In the literature most attention has focussed on models with a single flat infinite interface 
or an infinite array of parallel flat infinite interfaces. Relevant references can be found in 
Petrelis |7j. In the present paper we continue the analysis of a model introduced in den 
Hollander and Whittington [5j, where the interface has a random shape. In particular, the 
situation was considered in which the square lattice is divided into large blocks, and each 
block is independently labelled A (oil) or B (water) with probability p and 1—p, respectively, 
i.e., the interface has a percolation type structure. This is a primitive model of an emulsion, 
consisting of oil droplets dispersed in water (see Figured]). 

The copolymer consists of an i.i.d. random concatenation of monomers of type A (hy- 
drophobic) and B (hydrophilic). It is energetically favourable for monomers of type A to be 
in the ^-blocks and for monomers of type B to be in the i?-blocks. Under the restriction that 
the copolymer is directed and can only enter and exit a pair of neighbouring blocks at diago- 
nally opposite corners, it was shown that there are phase transitions between phases where the 
copolymer is fully delocalized away from the interface and phases where it is partially localized 
near the interface. It turns out that the phase diagram does not depend on p when p > pc, 
the critical value for directed bond percolation on Z'^, while it does depend on p when p < pc. 
In the present paper we focus on the supercritical percolation regime. 

Our paper is organised as follows. In the rest of Section [1] we recall the definition of the 
model, state the relevant results from [5], and formulate three theorems for the supercritical 
percolation regime. These theorems are proved in Sections El H] and [5l respectively. Section E] 
recalls the key variational formula for the free energy, as well as some basic facts about block 
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Figure 2: A directed self-avoiding path crossing blocks of oil and water diagonally. The light- 
shaded blocks are oil, the dark-shaded blocks are water. Each block is lattice spacings wide 
in both directions. The path carries hydrophobic and hydrophilic monomers on the lattice 
scale, which are not indicated. 

pair free energies and path entropies needed along the way. 
1.2 The model 

Each positive integer is randomly labelled A or B, with probability ^ each, independently for 
different integers. The resulting labelling is denoted by 

u = {uji: i G N} G {A, B}^ (1.2.1) 

and represents the randomness of the copolymer, with A denoting a hydrophobic monomer 
and B a hydrophilic monomer. Fix p G (0, 1) and Ln G N. Partition M? into square blocks of 
size L„: 

I^' = U ^^"(^)' ^lAx) = xLn + (0,L„]2. (1.2.2) 

Each block is randomly labelled A or B, with probability p, respectively, 1 — j?, independently 
for different blocks. The resulting labelling is denoted by 

= {^{x) : X G Z^} G {A, B}^^ (1.2.3) 

and represents the randomness of the emulsion, with A denoting oil and B denoting water. 
Let 

• VVn = the set of n-step directed self-avoiding paths starting at the origin and being 
allowed to move upwards, downwards and to the right. 

• y^n,L„ = tlie subset of Wn consisting of those paths that enter blocks at a corner, exit 
blocks at one of the two corners diagonally opposite the one where it entered, and in 
between stay confined to the two blocks that are seen upon entering (see Figure E]). 

The corner restriction, which is unphysical, is put in to make the model mathematically 
tractable. We will see that, despite this restriction, the model has physically relevant be- 
haviour. 
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Given uj, VL and n, with each path vr G Wn,L„ we associate an energy given by the Hamil- 
tonian 

n 

= - E (« 1 {-^ = ^fe-...) = ^} + /? 1 = = ^} ) , (1-2.4) 

i=l 

where (vTj-i, tTj) denotes the i-th step of the path and ^ denotes the label of the block 
this step lies in. What this Hamiltonian does is count the number of ^^-matches and BB- 
matches and assign them energy —a and — /3, respectively, where a, /3 G M. (Note that the 
interaction is assigned to bonds rather than to sites: we identify the monomers with the steps 
of the path) . As we will recall in Section 12. H without loss of generality we may restrict the 
interaction parameters to the cone 

CONE = {(a, /3) G a > \f3\}. (1.2.5) 



Given and n, we define the quenched free energy per step as 

(1.2.6) 



I t = — log; Z r 

n,L„= exp ^-//^'^ Jvr) 



We are interested in the limit n — > oo subject to the restriction 

— > oo and —Ln 0. (1.2.7) 

n 

This is a coarse- graining limit where the path spends a long time in each single block yet visits 
many blocks. In this limit, there is a separation between a copolymer scale and an emulsion 
scale. 

In [5j, Theorem 1.3.1, it was shown that 

hm f^f =f = f{a,(i-p) (1.2.8) 

exists a;,rj-a.s. and in mean, is finite and non-random, and can be expressed as a variational 
problem involving the free energies of the copolymer in each of the four block pairs it may 
encounter and the frequencies at which the copolymer visits each of these block pairs on the 
coarse-grained block scale. This variational problem, which is recalled in Section 12. H will be 
the starting point of our analysis. 

1.3 Phase diagram for p> Pc 

In the supercritical regime the oil blocks percolate, and so the coarse-grained path can choose 
between moving into the oil or running along the interface between the oil and the water 
(see Figured]). We begin by recalling from den Hollander and Whittington [5] the two main 
theorems for the supercritical percolation regime (see Figured]). 

Theorem 1.3.1 ([5j, Theorem 1.4.1) Let p > pc- Then (a,/3) i— > f{a,(3;p) is non-analytic 
along the curve in CONE separating the two regions 

V = delocalized phase = {{a, (3) G CONE: f{a,P;p) = \a + , (13 1) 

C = localized phase = { (a, (3) G CONE : f{a,P;p) > + tu} . 

Here, w = lim„^oo }: log |Wn^L„| = i log 5 is the entropy per step of the walk subject to ()1.2.7p . 
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Figure 3: Two possible strategies when the oil percolates. 



Theorem 1.3.2 ([5], Theorem 1.4.3) Let p > pc- 

(i) For every q > there exists a /3c(a) G [0,a] such that the copolymer is 

delocalized if — a < < Pc{o), 
localized if /5c(a) < /5 < a. 



(1.3.2) 



(a) a I— > /3c(o) is independent ofp, continuous, non- decreasing and concave on [0,oo). There 
exist a* G (0, oo) and (3* € [a*, oo) such that 



I3c{ol) = a if a < a*, 
/?c(a) < a if a > a*, 



(1.3.3) 



and 

lim " ~ ^^^"^ G [0, 1), lim /3c(a) = p*. (1.3.4) 

ala* a. — a* Q— >oo 

The intuition behind Theorem 11.3.11 is as follows (see Figure [3]). Suppose that p > pc- 
Then the ^d-blocks percolate. Therefore the copolymer has the option of moving to the infinite 
cluster of yl-blocks and staying inside that infinite cluster forever, thus seeing only ^^-blocks. 
In doing so, it loses an entropy of at most o(n/L„) = o{n) (on the coarse-grained scale), 
it gains an energy ^an + o(n) (on the lattice scale, because only half of its monomers are 
matched), and it gains an entropy zun + o(n) (on the lattice scale, because it crosses blocks 
diagonally). Alternatively, the path has the option of running along the boundary of the 
infinite cluster (at least part of the time), during which it sees ^i?-blocks and (when /3 > 0) 
gains more energy by matching more than half of its monomers. Consequently, 

/(a,/3;p) > ia + ro. (1.3.5) 

The boundary between the two regimes in (jl.3.ip corresponds to the crossover from full 
delocalization into the 74-blocks to partial localization near the ^i?-interfaces. The critical 
curve does not depend on p as long as p > pc- Because p f{a,(3;p) is continuous (see 
Theorem 12 . 1 . 1 T iii) in Section [2.ip . the same critical curve occurs at p = pc- 

The proof of Theorem 11.3.21 relies on a representation of D and C in terms of the single 
interface (!) free energy (see Proposition 12.3.^ in Section l2.3p . This representation, which 
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is key to the analysis of the critical curve, expresses the fact that localization occurs for the 
emulsion free energy only when the single interface free energy is sufficiently deep inside its 
localized phase. This gap is needed to compensate for the loss of entropy associated with 
running along the interface and crossing at a steeper angle. 

The intuition behind Theorem 11.3.21 is as follows (see Figure H]). Pick a point (a, /3) inside 
D. Then the copolymer spends almost all of its time deep inside the A-blocks. Increase (3 while 
keeping a fixed. Then there will be a larger energetic advantage for the copolymer to move 
some of its monomers from the A-blocks to the S-blocks by crossing the interface inside the 
AB -block pairs. There is some entropy loss associated with doing so, but if /? is large enough, 
then the energetic advantage will dominate, so that ^^-localization sets in. The value at 
which this happens depends on a and is strictly positive. Since the entropy loss is finite, for 
a large enough the energy-entropy competition plays out not only below the diagonal, but 
also below a horizontal asymptote. On the other hand, for a small enough the loss of entropy 
dominates the energetic advantage, which is why the critical curve has a piece that lies on 
the diagonal. The larger the value of a the larger the value of f3 where Ai3-localization sets 
in. This explains why the critical curve is non-decreasing. At the critical curve the single 
interface free energy is already inside its localized phase. This explains why the critical curve 
has a slope discontinuity at a* . 

1.4 Main results 

In the present paper we prove three theorems, which complete the analysis of the phase 
diagram in Figure [H 

Theorem 1.4.1 Let p > pc- Then a /3c(a) is strictly increasing on [0, oo). 

Theorem 1.4.2 Let p > pc- Then for every a G (a*,oo) there exist < Ci < C2 < oo and 

60 > ( depending on p and a ) such that 

Ci6^ <f{a,/3c{a)+6;p)-f{a,(3c{a);p)<C2 6^ y6e{0,6o]. (1.4.1) 

Theorem 1.4.3 Let p > pc- Then, under Assumption 15.2.21 (a,/3) 1-^ f{a,l3;p) is infinitely 
differentiahle throughout C 
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Assumption 15.2.21 states that a certain intermediate single-interface free energy has a finite 
curvature. We beheve this assumption to be true, but have not managed to prove it. See the 
end of Section [5.21 for a motivation and for a way to weaken it. 

Theorem 11.4.11 imphes that the critical curve never reaches the horizontal asymptote, 
which in turn implies that a* < f3* and that the slope in (jl.3.4p is > 0. Theorem 11.4.21 
shows that the phase transition is second order off the diagonal. (In contrast, we know that 
the phase transition is first order on the diagonal. Indeed, the free energy equals + w 
on and below the diagonal segment between (0,0) and {a*, a*), and equals ^(3 + w on and 
above this segment as is evident from interchanging a and f3.) Theorem 11.4.31 tells us that 
the critical curve is the only location in CONE where a phase transition of finite order occurs. 
Theorems 11.4. 1) 11.4.21 and 11.4.31 are proved in Sections [3l H] and O respectively. Their proofs 
rely on perturbation arguments, in combination with exponential tightness of the excursions 
away from the interface inside the localized phase. 

The analogues of Theorems II. 4. 21 and II. 4.31 for the single flat infinite interface were derived 
in Giacomin and Toninelli [3], [3]. For that model the phase transition is shown to be at least 
of second order, i.e., only the quadratic upper bound is proved. Numerical simulation indicates 
that the transition may well be of higher order. 

The mechanisms behind the phase transition in the two models are different. While for the 
single interface model the copolymer makes long excursions away from the interface and dips 
below the interface during a fraction of time that is at most of order 5^ , in our emulsion model 
the copolymer runs along the interface during a fraction of time that is of order 6, and in 
doing so stays close to the interface. Morover, because near the critical curve for the emulsion 
model the single interface model is already inside its localized phase, there is a variation of 
order 5 in the single interface free energy. Thus, the 5^ in the emulsion model is the product 
of two factors 6, one coming from the time spent running along the interface and one coming 
from the variation of the constituent single interface free energy away from its critical curve. 
See Section m for more details. 

In the proof of Theorem II. 4. 31 we use some of the ingredients of the proof in Giacomin and 
Toninelli [4] of the analogous result for the single interface model. However, in the emulsion 
model there is an extra complication, namely, the speed per step to move one unit of space 
forward may vary (because steps are up, down and to the right), while in the single interface 
model this is fixed at one (because steps are up-right and down-right). We need to control 
the infinite differentiability with respect to this speed variable. This is done by considering 
the Fenchel-Legendre transform of the free energy, in which the dual of the speed variable 
enters into the Hamiltonian rather than in the set of paths. Moreover, since the block pair 
free energies and the total free energy are both given by variational problems, we need to 
show uniqueness of maximisers and prove non- degeneracy of the Jacobian matrix at these 
maximisers in order to be able to apply implicit function theorems. See Section [5] for more 
details. 

2 Preparations 

In Sections I2.1H2.3I we recall a few key facts from den Hollander and Whittington [5] that 
will be crucial for the proofs. Section 12.11 gives the variational formula for the free energy. 
Section [2.21 states two elementary lemmas about path entropies, while Section [2.31 states two 
lemmas for the block pair free energies and a proposition characterising the localized phase 
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{L,L) 




(0,0) 



(L,-L) 

Figure 5: Two neighbouring blocks. The dashed hne with arrow indicates that the coarse- 
grained path makes a step diagonahy upwards. The path enters at (0,0), exits at (L,L), and 
in between stays confined to the two blocks. 

of the emulsion free energy in terms of the single interface free energy. Section 12.41 states 
a lemma about the tail behaviour of the single interface free energy and the block pair free 
energies, showing that long paths wash out the effect of entropy. 

2.1 Variational formula for the free energy 

To formulate the key variational formula for the free energy that serves as our starting point, 
we need three ingredients. 

I. For L € N and a > 2 (with aL integer), let WaL,L denote the set of aL-step directed 
self-avoiding paths starting at (0,0), ending at {L,L), and in between not leaving the two 
adjacent blocks of size L labelled (0,0) and (—1,0) (see Figure[5]). For k,l G {A,B}, let 



^ti{aL,L) = — log Z^L,L, 



(2.1.1) 



denote the free energy per step in a A;/-block when the number of steps inside the block is a 
times the size of the block. Let 



L— >oo 



(2.1.2) 



Note here that k labels the type of the block that is diagonally crossed, while / labels the type 
of the block that appears as its neighbour at the starting corner (see Figure [5]). We will recall 
in Section 12.31 that the limit exists w-a.s. and in mean, and is non-random. Both ipAA and 
ijjBB take on a simple form, whereas iI^ab and iI^ba do not. 

II. Let W denote the class of all coarse-grained paths li = {lij : j £ N} that step diagonally 
from corner to corner (see Figure 4, where each dashed line with arrow denotes a single step 
of n). For n G N, n G W and k, I G {A, B}, let 



pS(n,n) 



Abbreviate 



1 



n 



El 



diagonally crosses a fc-block in 17 that has an /-block 
in appearing as its neighbour at the starting corner 

(2.1.3) 



(2.1.4) 
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Figure 6: 11 sampling Vt. The dashed lines with arrows indicate the steps of 11. The block 
pairs encountered in this example are BB^ AA, BA and AB. 

which is a 2 X 2 matrix with non-negative elements that sum up to 1. Let 7^^(^) denote the 
set of all limits points of the sequence {p^{Il, n): n G N}, and put 



= the closure of the set |J 7^^(^). 

new 



(2.1.5) 



Clearly, TiP exists for all $7. Moreover, since J7 has a trivial sigma-field at infinity (i.e., all 
events not depending on finitely many coordinates of Vl have probability or 1) and IZ^ is 
measurable with respect to this sigma-field, we have 



= n{p) n - a.s. 



(2.1.6) 



for some non-random closed set lZ{p). This set, which depends on the parameter p controlling 
$7, is the set of all possible limit points of the frequencies at which the four pairs of adjacent 
blocks can be seen along an infinite coarse-grained path. The elements of lZ{p) are matrices 



PAA PAB 

Pba Pee 



(2.1.7) 



whose elements are non- negative and sum up to 1. In [5], Proposition 3.2.1, it was shown that 
p I— > TZ{p) is continuous in the Hausdorff metric and that, for p > pc, 'R-{p) contains matrices 
of the form 

'1-7 7 




for 7 G C C (0, 1) closed. 



(2.1.^ 



III. Let A be the set of 2 x 2 matrices whose elements are > 2. The elements of these matrices 
are used to record the average number of steps made by the path inside the four block pairs 
divided by the block size. 



With I-III in hand, we can state the variational formula for the free energy. Define 

T.ki Pkiaki'^kMu) 



V: {{pki),M) G7^(p) X ^. 



(2.1.9) 



Theorem 2.1.1 ([5], Theorem 1.3.1) 

(i) For all (a, j3) G ^ ^ (q^ 



(2.1.10) 
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exists uj, ^}-a.s. and in mean, is finite and non-random, and is given by 

f= sup sup V{{pki),{aki)). 

(ii) (a, (3) I— > /(a, P;p) is convex on for all p E (0, 1). 
(Hi) p ^ f{a,P;p) is continuous on (0, 1) for all {a,f3) £ M?. 
(iv) For all {a, f5) G and p G (0, 1), 

f{a,f3;p) = f{/3,a; 1 -p), 
f{a,P;p) = ^{a + p) + f{-P,-a;p). 

Part (iv) is the reason why without loss of generahty we may restrict the parameters to the 
cone in (jl.2.5p . 

The behaviour of / as a function of (a, /?) is different for p > Pc and p < pc, where 
Pc ~ 0.64 is the critical percolation density for directed bond percolation on the square lattice. 
The reason is that the coarse-grained paths 11, which determine the set TZ{p), sample Q just 
like paths in directed bond percolation on the square lattice rotated by 45 degrees sample the 
percolation configuration (see Figure [6]). 



(2.1.11) 



(2.1.12) 



2.2 Path entropies 

The two lemmas in this section identify the path entropies associated with crossing a block 
and running along an interface. They are based on straightforward computations and are 
crucial for the analysis of the model. 
Let 

DOM = {(a, b): a > 1 + 6, 6 > 0}. (2.2.1) 

For (a, b) £ DOM, let NL{a, b) denote the number of aL-step self-avoiding directed paths from 
(0, 0) to (bL, L) whose vertical displacement stays within (— -L, L] {aL and bL are integer). Let 

K(a,6)= lim \\ogNL{a,b). (2.2.2) 

Lemma 2.2.1 ([5], Lemma 2.1.1) 

(i) K{a, b) exists and is finite for all (a, b) £ DOM. 

(ii) (a, 6) 1-^ an{a,b) is continuous and strictly concave on DOM and analytic on the interior 
of DOM. 

(Hi) For all a >2, 

aK{a, 1) = log 2 + i [a log a - (a - 2) log(a - 2)] . (2.2.3) 

(iv) supjj>2 ^l*^' 1) = K{a*, 1) = ^ log 5 with unique maximiser a* = |. 

(v) (^K)"(a*,l) =0 and a*(^K)(a*,l) = ^logf. 

(v^) {£^){a*, 1) = -i, (^K)(a% 1) = -H and {£,K){a*, 1) = log | + ff. 

Part (vi), which was not stated in [5], follows from a direct computation via [5], Equations 
(2.1.5), (2.1.8) and (2.1.9). 

For fi > 1, let Nl{h) denote the number of fiL-step self-avoiding paths from (0, 0) to (L, 0) 
with no restriction on the vertical displacement (/uL is integer). Let 

kip.) = lim -L log Nl{p). (2.2.4) 

L—Kx> uLi 
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solvent A 




Figure 7: Illustration of (|0:2H2X3]) for c = and 6 = 1. 

Lemma 2.2.2 ([5], Lemma 2.1.2) 

(i) k.{fi) exists and is finite for all fi > 1. 

(a) n ^ is continuous and strictly concave on [1,cxd) and analytic on (l,oo). 

(Hi) k{l) = and fJ-i^ifi) ~ log/i as fi ^ oo. 
(iv) sup^>i n[k{ii) - i log 5] < i log |. 



2.3 Free energies per pair of blocks 

In this section we identify the block pair free energies. In [5], Proposition 2.2.1, we showed 
that w-a.s. and in mean, 



= ha + K{a, 1) 



and 



i>BB{a) = \l3 + K{a, 1). 



(2.3.1) 



Both are easy expressions, because ^^-blocks and i?i?-blocks have no interface. 

To compute iI^ab{o) and V'baCo), we first consider the free energy per step when the path 
moves in the vicinity of a single linear interface I separating a liquid A in the upper halfplane 
from a liquid B in the lower halfplane including the interface itself. To that end, for c > 6 > 0, 
let WcL,bL denote the set of cL-step directed self-avoiding paths starting at (0, 0) and ending 
at (6L,6). Define 

^ (2.3.2) 



with 



cL (2-3.3) 

Kii-^) = - £ (« = A, (^i_i, vr,) > 0} + /3 l{L^i = B, (7r,_i, ^i) < 0}) , 

i=l 

where (7rj_i,7r,) > means that the i-ih. step lies in the upper halfplane and (7rj_i,7rj) < 
means that the i-th step lies in the lower halfplane or in the interface (see Figure [Tj). 

For a G [2,oo), let 

{(c, 6) G : < 6 < 1, c > 6, a - c > 2 - 6}. 



DOM a 



Lemma 2.3.1 ([5J, Lemma 2.2.1) For all (a,/3) G andc>h>{), 



hm ^L^ic^h) = 4>\clh) = <P^{a,l3;c/b) 

L—fOO 



(2.3.4) 
(2.3.5) 



exists oj-a.s. and in mean, and is non-random. 
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Figure 8: Two possible strategies inside an AS-block: The path can either move straight across 
or move along the interface for awhile and then move across. Both strategies correspond to a 
coarse-grained step diagonally upwards as in Figure [H 



Lemma 2.3.2 ([5], Lemma 2.2.2) For all (a,/?) G a>2, 

atpABia) = atpAB{a,(3;a) 

sup {c(l)^{c/b) + {a-c)[^a + K{a-c,l-b)]}. (^•^•^) 

(c,6)GD0M{a) 

Lemma 2.3.3 ([5], Lemma 2.2.3) Let k,l £ {A,B}. 

(i) For all {a, (3) E M^, a ^ ail)ki{a, I3;a) is continuous and concave on [2,oo). 

(ii) For all a £ [2, oo), a ^ ipkiict, (3; a) and (3 i-^ ipkiioi, P;a) are continuous and non- 
decreasing on M. 

The idea behind Lemma 12.3.21 is that the copolymer follows the AS-interface over a distance 
bL during cL steps and then wanders away from the ^i?-interface to the diagonally opposite 
corner over a distance (1 — b)L during {a — c)L steps. The optimal strategy is obtained by 
maximising over b and c (see Figure [8|). A similar expression holds for ij^BA- 

The key result behind the analysis of the critical curve in Figure [4] is the following propo- 
sition, whose proof relies on Lemmas 12. 3. 114273. 3[ 

Proposition 2.3.4 ([5], Proposition 2.3.1) 
Let p > pc- Then (a, 13) £ C if and only if 

sup p [4>^{a, /3; /x) - ia - i log 5] > i log |. (2.3.7) 
fi>i 

Note that |a + ^ log 5 is the free energy per step when the copolymer diagonally crosses an 
A-block. What Proposition 12. 3. 4] savs is that for the copolymer in the emulsion to localize, the 
excess free energy of the copolymer along the interface must be sufficiently large to compensate 
for the loss of entropy of the copolymer coming from the fact that it must diagonally cross 
the block at a steeper angle (see Figure [8]). 
We have 

la + k{fi) <(l)^{n) <a + k{n), (2.3.8) 

where k{fi) is the entropy defined in (|2.2.4p . The upper bound and the gap in Lemma [2.2.2( iv) 
are responsible for the linear piece of the critical curve in Figure [H In analogy with Lemma 
12.2.21 we note further that, for all {a,P) E M^, 4''^{fJ.) is finite for all /x > 1, i-^ pL(fi'{p) is 
continuous and concave on [l,oo), and (jy^^i) = \l3. 
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2.4 Tail behaviour of free energies for long paths 

In this section we show that long paths wash out the effect of entropy. This wih be needed 
later for compactification arguments. 

Let '^^^ denote the law of the copolymer of length /iL in the single interface model with 
the energy shifted by — ^, i.e., 
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^ ;l (^) = (^)j ' ^ e w,L,L, (2.4.1) 

^^J.L,L 

with 

H';ii^) = - ( - « ^i^^ = ^} + /3 = B}) l{(^i-i, vr,) < 0}. (2.4.2) 

i=l 



Let 

0^(/^) = </'^(a, /3; /^) = ^ - a.s. with 0^;;^ = (a, P) = ^ log Zj;;'£^^ 



(2.4.3) 

(compare with (|2.3.3p ). Henceforth we adopt this shift, but we retain the same notation. The 
reader must keep this in mind throughout the sequel! 

Lemma 2.4.1 For any (3q > 0, 

(i) lim/,_,oo 0^(a, (3; /i) = 0, 
(a) lim^^oo i^Asia, f3; a) = 0, 
uniformly in a> (3 and (3 < Pq. 

Proof, (i) Recall the definition of in Section [2.31 Abbreviate Xi = ^{^i = B} — l{wi = 

A}. Because a > (3 and f3 < (3o, we have 



^^(a,/3;/i) < lim ^log V exp 
L— >oo nL ^ — ' 



/?^Xa{(vr.-i,7rO <0} 



1 f 1 

<k(/u) +/3olimsup— max <^ Xjl{(^j"i, ^rj) < 0} > . 



(2.4.4) 



We know from Lemma l2.2.2( iii) that lim^_»oo ^(a*) = 0. Therefore it suffices to show that for 
every e > there exists a fio{e) > 2 such that 



limsup— max < Xil{(7rj-i, vTj) < 0} > < e 



w-a.s. V^>//o(e)- (2.4.5) 

The random variables Xi &re i.i.d. ±1 with probability ^. Let Jj be the set of indices i in the 
j-th excursion of vr on or below the interface. Then J^f^^ Xi^{{'^i-ij ^i) < 0} = X^ie/^. Xi- 
Let J^fi^L denote the family of all possible sequences / = (/j) as vr runs over the set W^l,l, 
and write |/| = \Ij\. For < e < 1, consider the quantity 

p^^L,e = P 3/ e : ^ ^ Xi > e/ii , (2.4.6) 
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where P denotes the probability law of lo. By the Markov inequality, there exists a C > 
such that 

P Xi > eRN^ < e-^''^^ yN,R>l,yO<e<l. (2.4.7) 
Since \I\ < fiL for all / G ^fi,L, we can apply (j2.4.7p with N = \I\ and R = ^L/\I\ to estimate 

P,,L,e < E IP f E E X. > ^l^l^l) < e-^^'^^. (2.4.8) 

Since ^ 

< {^^^ = exp [C{p)L + o(L)] as L ^ oo, (2.4.9) 

with C(/i) ~ log^ as II ^ oo, there exists a C" > such that, for ^ > 2 and L large enough, 
< exp[LC" log /i] and hence p^^l,s ^ exp[L(C" log/x — Ce^//)]. Thus, there exists a 
/^o(e) > 2 such that for fj, > /Uo(e), 

oo 

<oo. (2.4.10) 

L=l 

The B Orel- C ant elli lemma now allows us to assert that, w-a.s. for fi > fioi^) find L large 
enough, the inequality J2j J2ier X* — ^t^^ holds uniformly in / € Hence (|2.4.5p is true 

indeed. 

(ii) This follows from a similar argument. The counterpart of equation (j2.4.4p is (recall 
(IMT])-(IM2])) 



V'As(a,/?;a) < K(a, 1) +/3olimsup— max <^ Xjl{(7ri-i, vTj) < 0} > . 



(2.4.11) 



Lemma l2.2.1( iii) implies that K{a, 1) ^ as a — > oo, while the proof that w-a.s. the second 
term in the r.h.s. of ()2.4.1ip tends to is the same as in (i). □ 



3 Proof of Theorem 11.4.11 

In Section [3. II we derive a proposition stating that the excursions away from the interface are 
exponentially tight in the localized phase. In Section 13.21 we use this proposition to prove 
Theorem 11.4.11 

3.1 Tightness of excursions 

We will call the triple (a,/3, /x) G CONE x [l,oo) weakly localized if (recall Proposition 12.3.^ 
and dlXIHZMD) 

a£{a*,oo) and sup [(p'^ {a, f3;i^) — zu] = fi[<jy^ (a, (3] ^i) — uj] > <^ (3.1.1) 

with 

n7 = ilog5 and ? = ilogf. (3.1.2) 

Let l^L denote the number of strictly positive excursions in vr G W^l,l- For k = 1,. . . 
let Tfc denote the length of the A;-th such excursion in vr. 
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Proposition 3.1.1 Let {a,(3,fi) be a weakly localized triple. Then for every C > there 
exists an Mq = Mq{C) such that for M >Mq, 



lirn^E I P;;f I Y^TkHn >M}>CfiL\\=0. (3.1.3) 



,k=l 



Proof. Along the way we need the fohowing concentration inequahty for the free energy of 
the single interface. Let (p'^'^ = (l/^uL) log Zj^£^^ (recall ()2.3.3p ). 

Lemma 3.1.2 There exist Ci,C2 > such that for all e > 0, {a,(3,fj,) £ CONE x [l,oo) and 

P [l^P^'^ia, /?) - E [c^^'^ia, (3)) \ > e) < Ci exp [-e^t,L/C2{a + /?)] . (3.1.4) 

Proof. See Giacomin and Toninelli [4J . The argument for their single interface model readily 
extends to our single interface model. □ 

Step 1. Throughout the proof, (a,/3, ^) is a weakly localized triple and C £ (0,1). Fix M. 
For vr G we let 

Kl = KUtt) = {kG{l,..., I^l} : Tfc > M}. (3.1.5) 

We also define 

k&K^ (3.1.6) 
QL = {C^lL,...,^xL] X {1,...,L} X {l,...,^JiL/M]. 

Note that Wl is the union of the events (^s,r,t)(s,r,t)eQi, with 

As,r,t = { X]'^'^ = 4^{ ^ ^''/^^ = r^r\ {\Kl\ = t}, (3.1.7) 

kdKL k&KL 

where //^ is the number of steps divided by the number of horizontal steps in the A:-th strictly 
positive excursion. Let v = {v\,v^)k&Ki^ denote the starting points and ending points of the 
successive positive excursions of length > M. If Vl denotes all possible values of v, then As^r,t 
is the union of the events (A^^ J^gv^. We will estimate lE(P^);, {■A"s,r,t))- 

Step 2. We want to bound from above the quantity 



To that end, we concatenate the excursions of vr in [v\_-^, w^], G {1, . . . , t}, as follows. Since 
these excursions start and end at the interface, either with a horizontal step or with a vertical 
step up, we concatenate them by adding a strictly positive excursion of 3 steps between 
them. The latter has no effect on the Hamiltonian. We also concatenate the strictly positive 
excursions in k S {1, . . . by adding 1 horizontal step between them. Thus, if we 

abbreviate Si = jiL — s + 3t and S2 = L — r + t, and if we denote by uj^ the concatenation of 
the uJi in [v1_-^^,v^, A; G {1, . . . , t}, then we have 

< E..w,,,s, ^"""^"^"'"^^^ K{s + t,r + t), (3.1.9) 



15 



where K{a, b) is the number of strictly positive excursions of length a that make b horizontal 
steps. A standard superadditivity argument gives 

K{s + t,r + t) <e'^'+^^^^^t) (3.1.10) 

with k the entropy function defined in ()2.2.4p . Put fi = 81/82- Then with (j3.1.10p we can 
rewrite (I3.1.9P as 

2^j^g^t, M-t ^ ^ < e ^•^a ' ^r+t', (3.1.11) 

At this stage, two cases need to be distinguished. Fix 7/ > 0. 
[Case 81 > rjL.] Let 

^2 = {0~^f >E(^-f)+e}. 
Since //L > fi82 = 81 > rjL, Lemma [3. 1.2 1 gives the large deviation inequality 

max{F(^i),P(^2)} < Ciexp [-e^rjL/C2{a + p)] . (3.1.13) 

By superadditivity, we have < sup^^^]K{(j)^'£'^) = (t>^{fi). Moreover, for L large 

enough, we have E((/)|;^f ) > 0^(/i) - e. Hence, it follows from (|3.1.11HHTTH|1 that 

< P(^i) +P(A2) +E e-'^^^Mf UenAi) (3.1.14) 



(3.1.12) 



[Case Si < rjL.] Note that, for {a,0) G CONE, the trivial inequality (f)'^'^ < a + k{fj,) (compare 
with (I2.3.8P ) and Lemma 12.2.21 (iii) are sufficient to assert that there exists an Ra > such 
that (j)^'^ < Ra for all /X > 1, L G N and oj. Therefore also (t>'^gf < Ra for all /i > 1, 5*2 G N 
and a;„, and so it follows from (j3.1.111f3.1.13p that 

= P(Ai) + E((E^g^„^^e-^M^^W) e-^^<^Mi.^ Uj) (3.1.15) 



Step 3. To bound the quantity 8i(p^{fi) = 8i(p^{8i/82) in (j3.1.14l] . we define x = s/^L and 
/i = s/r. Then 81 = /uL(l — x) + 3t and 52 = L{1 — xfi/fl) + t. Since (a,/3,^) is a weakly 
localized triple (recall p.l.ip ). we have Sic/r^ {81/ 82) < //52</>'^(/x) + ro(5i — 1182), with given 
in (j3.1.2p . This can be further estimated by 

8i<i)'^i8i/82) < f^Lqy^iu) - wxfiL + x—L[zu - (p^ip.)] + t \fi(l)^ip) + ro(3 - ^)1 (3.1.16) 

< fiL(l)^{fi) - ^wxfiL, (3.1.17) 
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where we use that w — (jy^ifJ.) < 0, t < fxL/M, and M is large enough (by assumption). Next, 
let HQ be such that k{iy) < y for all > ^ (which is possible by Lemma |2 . 2 . 2l f iii) ) . 

[Case /2 > /xq.] Since s > cfiL and t < fiL/M, if /i > /Uq, then (s + t)/(r + t) > jl/{l + t/r) > 
Since s + 1 < x^jlL + ^L/M, it follows from (j3.1.17p that for M large enough, 

Si (t)^{Si/S2) + {s + t)k ( ) < ^lLf{^l) - IwxfiL. (3.1.18) 



r + 1 



[Case Jl < iJ^Q.] For /i < fiQ, we first note that, by Lemma r2.2.2n v) and (jS.l.ip . there exists a 
z > such that 

supy[k{y) — zu] = fi{(p'^{fi) — w) — z. (3.1.19) 
Therefore, picking y = {s + t)/{r + t) in ()3.1.19p . we get 

{s + t)k ( ) < /i(r + t)4>^{fi) + ro[(s + t) - ^(r + t)] - z{r + t) 



r + t 



C'L 

< fir(f>^{fi) + w{s — fir) — zr + -j-^ (3.1.20) 

fJ^'^L J T ft , '^'^ 

= X—:—(p [fi) + WXflL I 1 — — — Z — z h 



jl \ jl J fl M 

where C = C'{fi) > and the second line uses t < fiL/M. Summing ()3.1.16p and ()3.1.20p . 
we obtain that for M large enough, 

S1CPHS1/S2) + {s + t)k < A.L0^(/i) - z^ + (3.1.21) 

\r + 1 J /i M 



Since x > C and /i < /xq, we can choose M large enough such that the r.h.s. of (j3.1.2ip is 
bounded from above by fiLcp^ {/i) — ^fiL. 

Setting C3 = inf{zC/2/Jo; we obtain that the r.h.s. of (|3.1.18p and (j3.1.2ip are both 

bounded from above by iJLL(jP'{iJi) — C3IJL. 

Step 4. In the case Si > r/L, (j3.1.14p becomes 

E (F'^JiAl^^t)^ < 2C7ie-^'''^/^2(a+/3) + ^^^Li-C^+3s) ^ (3.1.22) 

while in the case < r]L we choose tj < C3/2Ra, and (j3.1.15p becomes 

E (p'^JiAl^ t)^ < C7^e-"''^^/^2(a+/3) ^ ^f,L{-^Cs+2e) _ (3.1.23) 

Thus, there are C4, C5 > such that, for e small enough, 

E(p;^f(^:,.,i)) <C4e-^^^^. (3.1.24) 

Therefore it remains to estimate the number of possible values of (s, r, t) and v. Since (s, r, t) G 
{1, . . . , /uL}^, there are at most {^L)^ such triples. At fixed t, choosing v amounts to choosing 
t starting points and t ending points for the excursions, which can be done in at most (2^) < 
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(2/iL/M) '^^ys when M > 4. By Stirhng's formula there exists a C" > such that for all 
M > 4 and L G N, 

{i'l/m) ^ C"^''^"'^'' diM) = - A log (^) - (1 - ^) log (1 - ^) . 

(3.1.25) 

Since limjv/^00 '^(-^) = 0, we have d(M) < C5/2 for some C5 > and M large enough. 
Therefore 

^ j;E(p;:f(^:,,,,)) <C4C"(A.L)^/2e-^^^^/2. (3.1.26) 

{s,r,t)GQL 

Since the l.h.s. equals the expectation in ()3.1.3p . we have completed the proof. □ 



3.2 Proof of Theorem 11.4.11 

The proof uses Lemma 12.2.11 and Proposition 13 . 1 . ll 

Step 1. Since a ^ /3c (o) is non-decreasing and bounded from above (by Theorem II. 3.2l fii)l. 
it converges to a limit /?* as a — > 00. Equation ()2.3.7p . which gives a criterium for the 
localization of the copolymer at ^i?-interfaces, implies that 



sup//[0'^(q;, /3c(a); A*) — •to] = ? Va > 



(3.2.1) 



with <; defined in ()3.1.2p (recall the energy shift made in ()2.4.1f[2".4.3p ). Lemma [2.4.11 asserts 
that (/>'^(a, /3c(a); tends to zero as /i ^ 00, uniformly in a > 0. Since (jy^{a, /3c(a); 1) = for 
all a > (the path lies in the interface), it follows that the supremum in (13.2. ip is attained 
at some /ia > 1. Therefore, if we can prove that 



(3.2.2) 



then 



sup/i[0 {a , (3cia); n) - w] > fiaifl) (a , Pda); ^a) - > fJ'a[4> (a, /3c(a); ^a) - = 

(3.2.3) 

and hence /3c(a) > /5c(o')- 
Step 2. Let a' > a and 

D = 4)^{a\ I3c{a); fia) - (p^ia, /3c(a); fJ-a) 
1 



lim 



log Yl e-K:Li-'M^y^-)-iog e-<o 



(a,f3c{a):n) 



(3.2.4) 



lim ^logE;;f^ ( exp 



[a — a 



1=1 



where the expectation is w.r.t. the law of the copolymer with parameters a and Pdct), which 
are both suppressed from the notation. For e > 0, let A^^l = {t^ '■ Yli=i = (tTi-i, ttj) < 
0} > Efj-aL}. Then we may estimate 



D > lim sup — - log 



(3.2.5) 
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We will prove that, for e small enough, there is a subsequence (Lm)mGN such that linim^oo 
^^^^L {[^£,LmT) — i^-a.s. This wilU imply that D > {a — a')e and complete the proof. 

Step 3. We recall that Z^^l denotes the number of strictly positive excursions in vr G W^^l^l. 
By Proposition 13.1.1} w-a.s., 

KthiY^C^ '^k'^i'^k > M} > C/Xc,L) tends to zero as L ^ oo 
along a subsequence. Moreover, w-a.s., 

'Li=i U'^i = ^} > \^^aL - C^^aL for L large enougn. 
Thus, putting s = 5 — 2C — e, for L large enough we have the inclusion 



(3.2.6) 

where is the indicator of the event the z-th step lies in a strictly positive excursion of 
length < M. 

From now on we fix C = | and e < |, implying that s > |. We also fix M such that 
Proposition 13.1.1] holds for C = ^. The proof will be completed once we show that 

hm P;^f^(i?,,z.) = u;-a.s., (3.2.7) 

where 

Be,L = < vr : V = A}l{Qf' = 1} > s^i^L \ n [A.^lT. (3.2.8) 




Each path of i3e,L puts at least s^aL monomers labelled by A in strictly positive excursions 
of length < M and at most e^aL monomers labelled by A in non-positive excursions. 

Step 4. For vr E i?£,L, let '?L(7r) label the excursions of vr that are strictly positive, have length 
< M and contain at least 1 monomer labelled by A. Abbreviate vlItt) = \£L('ir)\ > sfiaL/M. 
Partition Sl^t^) into two parts: 

- <?]^(vr): those excursions whose preceding and subsequent non-positive excursions do not 
contain an A. 

- f2(7r): those excursions whose preceding and/or subsequent non-positive excursions 
contain an A. 

The total number of non-positive excursions containing an A is bounded from above by £fj,aL. 
Since a non-positive excursion can be at most once preceding and once subsequent, we have 
l-^Kvr)! > {s/M-2e)fiaL. We will discard the excursions in £j^{7r). Morover, to avoid overlap, 
we will keep from <5^j^(vr) only half of the excursions. Call the remainder £j^{7r), and abbreviate 
f^(7r) = \SI{tt)\. Then fL(7r) > r/x«L with r = {s/2M - e)iJ,aL. 

Next, for vr G i?£,L, let x(^) denote the partition of {1, ... , fiaL} into 2fi{-K) + 1 intervals, 
i.e., {It)fLQ with /2{j-i)+i 5 j £ {!) 2, . . . , f^,}, the interval occupied by the j-th excursion 
of f^(vr) and its preceding and subsequent non-positive excursions. The partition x(^) also 
contains 2f^ -|- 1 integers {it)tLo with it, i £ {0, 1, . . . , 2r]^}, the number of horizontal steps 
the path vr makes in It. 

Let Kf^ be the set of possible outcomes of x(^) as vr runs over B^^i. For x £ -f^Li let t(x) 
denote the family of possible paths over the even intervals Io,l2, ■ ■ ■ , hrix)- The paths of t{x) 



19 



do not put more than e/i^L monomers of type A on or below the interface, put exactly one 
excursion of type 1 in each interval l2j, j £ {1, . . . , 2r{x)}, no excursion of type 1 in Iq and at 
most one excursion in /2r(y)- For j £ {1, . . . , f{x)}, let tj{x) be the set of paths on /; 



2j-i 



that 



make i2j-i horizontal steps, perform exactly one excursion of type 1, and have their preceding 
and subsequent non-positive excursions without an A. Then we have the formula 



''^ (B 



E 



i-La L,L 



(3.2.9) 



Step 5. For j G {1, . . . ,r(x)}, let Sj{x) be the set of non-positive excursions of |/2j-i| steps 
of which i2j-i are horizontal. Then we may estimate 



T^xaKi 


\l^n'&(x)^ ' ') nj=l\l^^j&,(x)^ ' ) 




ExGA-- 




(3.2 



Here, the prefactor comes from the fact that a path with more than one non-positive excursion 
containing an A may be associated with more than one family (X)*(x)) iii the sum in the 
denominator of (|3.2.9p . However, a path t{x) cannot have more than efiaL excursions of such 
type. Since the number of excursions is bounded from above by //qL, we can assert that each 
path can appear at most ^l^-aLi^^^^^) times in the denominator. 

At this stage it suffices to show that there exists a C > 0, depending only on a, a' and M, 
such that for all x ^ aiid J S {1, . . . , r(x)}, 

^ e-^"'"(-^)>C Yl e-^""^"^^- (3.2.11) 
TTjesjix) ^jStjix) 

Indeed, since r > fiaL this yields, via (|3.2.10p . 

P;:i(^e,L) < ^f^aLf ^"-^) (1 + C)-^^-"^. (3.2.12) 

For e small enough the r.h.s. of (13.2. 12p tends to zero as L — > oo because C > 0, implying 
(|3.2.7p as desired. 

Step 6. To prove (I3.2.12p . we note that, since the paths of Sj{x) stay in the lower halfplane, 
their Hamiltonian is a constant, namely, H'^'^{sj{x)) = Y^i^i {'^^Wi = ^} ~ I^^Wi = B}) 
(recall (12.4.21) ). A path of tj{x) puts at most M steps of Ij in the upper halfplane, and 
so TTj G tj{x) implies H^'^{'Kj) > H^^^ {sj{x)) — aM. It therefore remains to compare the 
cardinalities of Sj(x) and tj(x)- The number of strictly positive excursions of length < M is 
some integer, denoted by \)>{M). Moreover, on Ij the possible starting points of the excursion 
of type 1 are at most M. Indeed, the excursion has to contain all the uji of Ij that are 
equal to A, and hence it must start less than M steps to the left of the leftmost i £ Ij such 
that uJi = A. Thus, we have at most Mtj(M) possible excursions of type 1 in Ij (if we take 
into account their starting point). Next, we note that by fixing the starting point and the 
shape of the excursions of type 1, we can create an injection from tj{x) to Sj{x) as follows 
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62 






, r steps 


b[ 1 — 1 




/ 

di 


d2 



r steps 



Figure 9: Injection from tj{x) to Sj{x)- Here, (61,62) and {di,d2) label the endpoints of the 
preceding and subsequent non-positive excursions. 

(see Figure ED- If 2r is the number of vertical steps in the fixed excursion of type 1, then 
we associate with each path of tj{x) a path of Sj{x) that begins with r vertical steps down 
before performing the preceding non-positive excursion, next makes s horizontal steps, where 
s is the number of horizontal steps in the excursion of type 1, next performs the subsequent 
non-positive excursion, and afterwards returns to the interface with r vertical steps. 

We conclude that |sj(x)| > \tj{x)\/Mh{M), which allows us to estimate 



> 



\tj{x)\ 

Mm) 



C e 



(3.2.13) 



with C = e-"''^ /Mh{M), proving (|3.2.11ll . 

4 Proof of Theorem 11.4.21 

Section [4.11 states two propositions providing the lower, respectively, upper bound for / near 
the critical curve. These two propositions are proved in Sections 14.31 and 14.41 respectively, and 
together yield Theorem 11.4.21 Section 14.21 contains several lemmas about the maximisers of 
the variational problem for ipAB, which are needed in the proofs. 

4.1 Lower and upper bounds on the free energy 



Recall (j2.4.2p . Fix p > Pc, a G (a*, 00) and 60 > small enough (depending on p and a) 
Abbreviate Iq = (0, 60] n (0, a — /3c(a)], and for 6 £ Iq define 



'ilJki{a,6) = i;ki{a,Pc{a) +S;a), a > 2, 
(p^il^,^) = (p^ia^Pcia) +S;^), /i > 1, 



and 



T^{S) = f{a,(3c{a) + S;p) - f{a,l3c{ay,p). 
Proposition 4.1.1 There exists a Ci > such that 

Ta{6)>CiS^ V(5gIo. 
Proposition 4.1.2 There exists a C2 < 00 such that 

Ta{5)<C25^ V<5g/o. 



(4.1.1) 
(4.1.2) 

(4.1.3) 

(4.1.4) 



21 



4.2 Maximisers of the block pair free energy 



Lemmas l4.2.1fH72.6l below are elementary assertions about the existence and the limiting 
behaviour of the maximisers in the variational expression for tpAB in (|2.3.6p . These lemmas 
will be needed in the proof of Propositions l4.1.1fH7l.2l in Sections I4.3H4.4I 

Step 1. We first show that a ^ ipABio.jd) has a maximiser for 6 small enough. 

Lemma 4.2.1 For every Sq > there exists an uq > 2 such that, for every a > a* and 
5 S /o(o); there exists an Oq,(5) G (2,ao] satisfying 

sup '>pAB{a,6) = tpAB{aa{S),S). (4.2.1) 

a>2 

Proof. Recall (j4.1.ip . In Lemma [2.4. II we showed that, for every Pq > 0, ipABia, ex, P) tends 
to zero as a ^ oo uniformly in a > (3 and /3 < /3o- Since /3c{a) < (3* for all a > 0, there 
therefore exists an ao > 2 such that tpABi^, 6) < K{a*, 1) for all a > oq, a > a* and S £ Io{a). 
By [5], Theorem 1.4.2, we have supa>2 ^l^A,B{o,,5) > «;(a*,l) for all (5 > and a > a*. This 
implies 

sup ^pAB{cL,6) = sup ^pABio■,6) Va > a*, 5 € Io{a). (4.2.2) 

a>2 2<a<ao 

For 6 fixed, o i— > tpABicL,6) is continuous on [2,oo) and iPab{2,6) = 0. Therefore there exists 
an aa{S) E (2,ao] such that the l.h.s. of ()4.2.2p is equal to tpA,BiO'a{S),S). □ 

Step 2. Let 

2?,Mo = { (c, : < c < /i, ^ > ^0, aa(<5) - c > 2 - c//x} (4.2.3) 

and ^ 

H(c, a, fj,,5) = - Iccjp-i^, 6) + {a- c)n{a - c, 1 - cl ^i)] . (4.2.4) 
a 

Then, by Lemma [2. 2.1 H i), we can assert that there exists a unique pair {ca{6), fiai^)) £ Qsi 
satisfying TpAB{aa{6), 6) = H{ca{5), aa{5), ^ia{6), 6). 

Lemma 4.2.2 For every 6q > there exists a /Uq > 1 such that (cq((5), /iQ,(5)) G Q"^^ \ Q^^^ 
for all a > a* and 5 G loict). 

Proof. Prior to (|4.2.2p we noted that ipABiO'ai^),^) > ^{a* , 1). We will show that there exists 
a ;Uo > 1 such that H{c, aQ,(5), /x, 6) < K{a* , 1) for alia > a* , 6 £ Io{a) and (c, fi) £ Q-s fi^- This 
goes as follows. In Lemma [2.4.1( i) we showed that (/>'^(/x, 6) tends to zero as ^ ^ oo, uniformly 
in a > a* and 5 E Io{a). Therefore there exists a /xq > 1 such that (j)^{fi,S) < ^K{a*,l) for 
all /i > /ig, a > a* and 6 G Io{o(). 

Lemma 4.2.3 There exists an M > 0, depending on ao, such that K{a, b) < K{a* , 1)+M(1— 6) 
for all (a, b) G DOM (recall (|2.2.ip ) satisfying a < oq and ^ < 6 < 1. 

Proof. This is easily proved via Lemma l2.2.ir iil. which says that (a, b) ^ K{a, b) is analytic 
on the interior of DOM, and the equality K{a, a — 1) = for all a > 2. □ 
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We now choose fiQ large enough so that /x > 2ao and Mao/^ < ^K{a*, 1). Thus, for (c, /x) S 
Qf^^^ we have c//x < ao//xo < |) which entails ^ < 1 — c/^u < 1. Therefore, (aQ((5) — c, 1 — c//x) 
satisfies the assumptions of Lemma 14.2.31 and 



H{c,aa{S),iJ.,5) < 



aa{6) 



[c^K{a*, 1) + {a^{5) - c)(K(a*, 1) + Mc//i)] 



< K{a*, 1) + — — c [Mao//U - ^^(a*, 1)] < K{a* , 1). 



Step 3. We next show that a i— > ipABio-, 0) has a unique maximiser. 



(4.2.5) 



□ 



Lemma 4.2.4 For every a > a*, sup^j>2 V'a_b(oj 0) = K,(a*,l) and is achieved uniquely at 
a = a* . Consequently, for a > a* and (3 = (3c{ot), the supremum in (I2.3.6|) is achieved 
uniquely at c= 0. 



Proof. Since (a,/3c(a)) G C, [5j, Theorem 1.4.2, tells us that sup„>2 0) < K{a*,l). 

Moreover, ipAB{a*,0) > K(a*, 1), and therefore 



sup'ipABia,0) =K{a*,l) =V'AB(a*,0). 



a>2 



(4.2.6) 



Now, pick a > 2 such that ipAsiO', 0) = «:(a*, 1) and recall that DOM(a) in (j2.3.4p is the domain 
of the variational problem for TpAsia, 0). We argue by contradiction. Suppose that there exist 
c, 6 > such that (c, b) G DOM(a) and 



ipAB{a, 0) = K{a*, 1) = - [c(/>^(c/6, 0) + (a - c)K(a - c, 1 - 6)1 

a 



(4.2.7) 



Then 



i {(c/6) [0^(c/6, 0) - K(a*, 1)] - {a/b - c/b) [^(a*, 1) - ^(a - c, 1 - 6)] } = 0. (4.2.8) 

However, (c/b) [(p^ {c/b, 0) — K{a*,l)] < ? by Proposition 12.3.41 Moreover, by [5], Equation 
(2.3.3), we have 



1) — sup K(bv, 1 — 6) 

2/(i^+l)<6<l 



> ? 



Vi/ > 1. 



(4.2.9) 



Pick V = [a — c)/b to make the l.h.s. of ()4.2.8p strictly negative. Then the equality in ()4.2.8p 
cannot occur with 6 > and c > 0. Consequently, the only way to obtain ()4.2.8p is to take 
c = and a = a* . □ 



Step 4. Fix a> a* and 5q > 0. For 6 E /o(«)> the quantity aa{5) may not be unique, which 
is why from now on we take its minimum value. We next prove that {aa{S),Ca{S)) tends to 
(a*,0) as 5 I 0. In what follows, {Sn)neN is a sequence in Io{a) such that lim„_+oo (^n = 0. 



Lemma 4.2.5 Let (a„)„gN and (//n)neN be such that lim„^oo a„ = a > 2 and lim„,__»oo 
/X > 1. Then lim„^oo '^AB{an, 5n) = ipA,Bia, 0) and lim^^oo '/'"^(/^n, ^n) = '/''^(a*) 0). 
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Proof. A simple computation gives that ^'^^(a,^) — ipABio-TO) < 6 for all a > 2 (recall 
(|4.1.ip ). This allows us to write the inequality 



\'4'ABian,Sn) " TpABia,0)\ = \lpABian, ^n) - tpAB{an,0)\ + {ip AB (an , 0) - 1pABia,i 

<Sn + {ipABian, 0) - i'ABia, 0)|. 



(4.2.10) 



Since a i— > iPa,b{0'-, 0) is continuous (recall Lemma [2331^1)), the r.h.s. of (|4.2.10p tends to zero 
as n ^ oo. This yields the claim for iI^ab- The same proof gives the claim for (f>^ . □ 

Step 5. Finally, we obtain the convergence of aa{5) and Cq,(5) as 5 | 0. 

Lemma 4.2.6 (i) lim^io o-ai^) = O'* ■ 
(a) liuisio CaiS) = 0. 

Proof, (i) The family {aa{6))s£io(a) is bounded. We show that the only possible limit 
of its subsequences is a*. Assume that as^ — > Ooo as n — > oo, with a^o G [2,ao]. Since 
6 I— > ipA,B{0'a{S),6) is non-decreasing, we get 



tpABia5„,Sn) -ipABia*,0) > 0. 



(4.2.11) 



Lemma [4.2.51 tells us that the r.h.s. of (14.2. lip tends to ?/'AB(aoo,0) — 'ipABia*,0) as n ^ oo. 
Thus, ipAB {cLoo, 0) > tpABia* , 0) and, since a* is the unique maximiser of xpA,B{a, 0) (by Lemma 
I4.2.4p . we obtain that Coo = a*. This implies that Oq,(5) tends to a* as 6 I 0. 

(ii) The family icaiS))seio bounded, because Ca{6) < aa{S) — 1 < oq — 1 for every 6 £ Iq. 
Assume that Cq,((5„) ^ Cqo as n — > oo. Since UaiSn) «*, we necessarily have Cqo < a* — 1- 
Moreover, {iJ-a{^n))n€N is bounded above by /xq (by Lemma [4. 2. 2p . Therefore, we can pick a 
subsequence satisfying ^ai^n) fJ-oo as n ^ oo. We now recall (I4.2.4P and write 



1pAB{aa{^n),Sn) 



+ 



«a(<Jn) 



{aSn - Ca{6n)) l^[aa{S) - Ca{Sn), 1 - Ca{Sn)/lJ. 



(4.2.12) 



Let n ^ oo. Then Lemma 14.2.51 tells us that 

1 r 

a 

Therefore Lemma [4.2.41 gives that Coo = and consequently Ca{6) tends to as 5 | 0. 



1 r X / 

tpABia^O) = — Coo(^ (^00,0) + (a* - Coo) K a* - Coo, 1 - Coo/Mc 
a* I \ 



(4.2.13) 

□ 



4.3 Proof of Proposition 14.1.11 

Proof. Along the way we need the following. Let dcfP' /d[3^ and dcfP' /d[5~ denote the right- 
and left-derivative of (jy^ , respectively. 

Lemma 4.3.1 For all fj, > 1 and a,/3 > such that cfP' {a, j3; fj) > k{n), 



^(a,/3;/i) > ^(a,/3;^) > 0. 



(4.3.1) 
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Proof. Use that (jy^{a, (5; ji) is convex in [i and that i?!>'^(a, /3; /x) > i?!>'^(a, 0; /x) = for ah 
/3 > 0. □ 

What Lemma 14.3.11 savs is that the locaUzed phase of (fy^ {a, (3; fi) for fixed /i corresponds to 
pairs (a,/3) satisfying (jp- {a, (3; ji) > k{n). 



Step 1. Recall (|2.1.8p and pick a 7 E (0, 1) for which G T^{p)- By picking uaa = clab 
we get 



a* = I and {pki) = Mj in (j2.1.11|) . and noting that ipAAia*) = f{a,(3c{oi);p) = n{a* , 1) = ro, 



T^{5)>-i[^AB{a\5)-K{a*,l)\. (4.3.2) 

Since ^ ^ 0'^(/i,O) is continuous and i?i>'^(l,0) = 0, Proposition I2.3.il allows us to choose a 
/^Q > 1 that is a solution of the equation (/''^(/i, 0) = ri7 + (l/^)<; (recall (I3.1.2p ). Pick C € (0, 1) 
and, in the variational formula for iPab{0'* ,5) in Lemma 12.3.21 pick c = C5 and c/b = fia, to 
obtain the lower bound 

Ta(6) > — \c6^^(fia, S) + (a* - C5)K(a* -C6,l- C6/fia) - a*K(a*, 1)1 . (4.3.3) 
a* I J 

Use Lemma |2 . 2 . 1 ( iv- vi) to Taylor expand 

K{a* -C6,l- C6/fia) = K{a*, 1) - (?/a*) CS/fia + 

for some G M and Q a function on tending to zero at (0,0). Since (3c{ct) < j3* for 
a > a*. Lemma |2. 4. II tells us that (jy^ {a, I3c{a)', /u) tends to as /i ^ cxd uniformly in a > a*. 
Consequently, //^ is bounded uniformly in a > a*, and therefore so is Ba- By inserting (j4.3.4p 
into ()4.3.3p . we obtain that there exist M G M and 5o > such that 



T^{6)>^[C5{(t)^{^a,5)-(t)^{^ia,{))]+Ma*C^6'^] ^ a > a* , S e Io{a). (4.3.5) 



Since, by Lemma r2.2.2( iv) and Proposition 12.3.4] (jy^{^a,0) > iiifia), Lemma [4.3.11 gives that 
{a, f3c{a)) lies in the localized phase of (a',/3') — > i;^-^(/Ua, a', /3')- Therefore 

</>^(//„,5)-(/>^(m«,0) >0 with c; = |^(a,/3,(a);//„)E(0,l]. (4.3.6) 
Hence (j4.3.5p becomes 

TJS) > —iCC' + Ma*C^) 6^ ya>a*,6e Ua). (4.3.7) 
a* 

Now pick C small enough so that Ma*C > — ^C^, to get the inequality in (I4.1.3P with 

Step 2. To complete the proof of Proposition 14. 1 . 1] it suffices to show that can be bounded 
from below by a strictly positive constant. The latter is done as follows. Suppose that there 
exists a sequence (a„)nGN in (o*, 00] such that lim^^oo C'a^ = 0. By considering a subsequence 
of [an)n&h we may assume that a„ and converge, respectively, to aoo £ [a*, 00] and /^oo- 
Moreover, as proved in Lemma l4.2.5t 



lim (/)^(an,/3,/Li„^) = (/)^(Q;oo,/3,/ioo) V/3 > 0, (4.3.8) 

n— >oo 
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and (3 i— > (j>^{an, (3; M«„) is convex for every n G N. Consequently, 



^^(aoo,/3c(aoo);/Uoo) < limsup-— -(Qn,/3c(a„);^a„) = limsupC^^ =0 (4.3.9) 



and 



1 



(4.3.10) 



But KSMf yields j^{aoo,Pc{ Q^oo)j /^oo) ^ 0, which contradicts the statement in Lenima l4.2.5l 



because of (I4.3.10p . 



□ 



4.4 Proof of Proposition 14.1.21 

Step 1. Since i/^ab > ipki for all kl G {A,B}'^, we can write 

f{a,(3c{a) + 5;p) - f{a,[3c{a);p) < ipAB{aaiS), 6) - w. 
Because of Lemma 14.2.41 we also have 

f{a,j3c{a) + 5;p) - f{a,(3c{a);p) < ipAsiaaiS), 6) - V'AB(aa(5), 0). 

Since 

V'AB(aa((5),5) - TpAB{aa{S),0) 

and, for 6 fixed, /? i-^ cfP' {a, I3\ jjLa{5)) is convex with slope bounded by 1, we obtain 



(4.4.1) 



(4.4.2) 



(4.4.3) 



ipAB{aa{5),Si) - tl^AB{aa{5),Q) < 



1 



d_ 

d(3' 



) (a,/3c(a) + 5;^a(5)) 



Ca{5) 5 



(4.4.4) 



Step 2. The proof of (j4.1.4p is now completed by the following. 

Lemma 4.4.1 For every a > a* there exist Cq, < oo and > such that Ca{S) < C^S for 
all 5 G /o(a)- 



Proof. Recall the statement of Lemma 14.2.21 i-^-, for every 5 £ Io{oi) there exists a Hai^) £ 
[1, fio] such that 

■0AB(aQ:((5),(5) = sup H{c,aai6),fiaiS),6) (4.4.5) 

c<mm{a„(<5)-l,/x„(5)(ac(5)-2)/(/i„ (<5)-l)} 

with 



H{c, OQ,((5),/iQ,(5),(^) 



aa{d) 



C(p^{fJ.a{6),6) + (aaiS) - c)K{aa{6) - c, 1 - c/fla{5)) 



(4.4.6) 
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We proved in Lemma 14.2.61 that the supremum is attained in a point Co,{S) > that tends to 
zero as (5 I 0. Since H is differentiable w.r.t. its first variable, we have 

a IT 

— {co,{S),a^i6),f,^{6),5) =0. (4.4.7) 

Moreover, since H is also differentiable w.r.t. its second variable, and since the maximum of 
^pABia,S) over a £ [2, oo) is attained in aa{S), we have 

dH 

-^{co,{6),a^{6),fi^{6),5) =0. (4.4.8) 

In what follows, we consider three functions {6 i— > (,i,ai^))i=i,2,3 that tend to zero as 5 | 0. 
Since aa{S) tends to a* by Lemma [4.2.6l fi). we use the notation aa{S) = a* + aa{5). For 
simplicity, when we do not indicate the point at which a derivative is taken, this point is 
(a*, 1) by default. 

Computing the derivative in (j4.4.7p from (|4.4.6p . we obtain a relation between Ca{S) and 
Oq, (5) . We may simplify this relation by using a first order Taylor expansion of the quantities 

K{aa{6), 1 - CQ,((5)//iQ,((5)), ■^(aa((^), 1 - Ca{5) / pLa{5)) , -^{aa{S), 1 - Ca{6) / IJ.a{S)) , 

(4.4.9) 

in the neighbourhood of (a*, 1). This gives, after some straightforward but tedious computa- 
tions, 

[cP^i^,US),S)-Kia*^)-^^] ^^^^^^^^ 
(5) B^^s + 6,a('5) (|c,(5)| + |a,(5)|) = 

with 

^o'^S — J];^ 1^02 ^ 0182 2tia (<5) 2 92^]' 



^a,6 — fj.^{S) 102 ^ 2 8182 ^ 2 BP" J 



(4.4.11) 



Ma {(5) 

The same type of computation applied to (j4.4.8p gives 



aaiS) + C2A^)aa{S) = Cc.{6)Ca,s + ^sA^M^) (4.4.12) 

with 

Ca 5 = -(I)' + 1 + . (4.4.13) 

Recalling that Cq,((5) and aa{S) tend to zero as | (by Lemma l4.2.6p . we obtain from 
()4.4.12p that aa{S) G [{Ca,5 —£)ca{S), {Ca,5 +e)ca{S)] for all e > and 6 small enough. From 
this last inclusion and (j4.4.10p . we get that there exists a 5i > such that, for all e > and 

[ct>^{/j^{5),S)-K{a*,l)-^^]+Ca{S){A^^s + B^,sC^^s + e) > 0. (4.4.14) 
Abbreviate 

A{6) = 4>Hfi^{S),6) - K{a*,l) - (4.4.15) 

Since (a,/3c(a)) lies in the delocalized region. Proposition E331 tells us that (j)^ {na{S) , 0) < 
K,{a*, 1) + 2fj,^{s) Therefore we can write 

A(5) < cl)^{f,a{6),6) - ^^{^,a{S),0). (4.4.16) 
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A simple computation gives that (f>-^{fi,6) — (t>-^{fi,0) < 6 for all /i > 1 (recall (|4.1.ip ). Hence 
A{6) < 5. 

From (|4.4.1ip and (|4.4.13p . we have 



with 
A 



1 



5 

2 92^ 



5\d2) 



'82 0182 2 \ 8182 J 



and B 



1 



(4.4.17) 



(2\'^dK, _ 2 d^K 
\ 5 / 92 5 9192 

(4.4.18) 



By inserting the values of the derivatives given in Lemma l2.2.1( v-vi). we find that A < 0. 
Thus, recalling that 1 < HaiS) < /Uq for all 5 £ Io{a) (by Lemma [4.2.2p . we can rewrite 
(j4.4.14|) as 



-^ly.S + B(y gCa s 



< 



Mo 



+ Ai5) [\B\ + I]. 



(4.4.19) 



Since A{5) < 6, we can now assert that there exists a §2 > such that < S < 82 implies 
Aa,s+Ba,sCa,s < 3A/2/ug. Therefore (I4.4.14p becomes 5+Cq,(5) 3A/2fj,Q > and, consequently, 
for 5o = min{5i,(52} there exists a Cq > such that for all 6 G Io{a), 



This completes the proof of Lemma 14.4.11 



(4.4.20) 

□ 



5 Proof of Theorem 11.4.31 



In Section 15.11 we study a variation of the single linear interface model in which the variable 
fi is replaced by a dual variable A, which enters into the Hamiltonian rather than in the set 
of paths. We show that the free energy for this dual model is smooth. In Section [5.21 we show 
that the dual free energy has a non-zero curvature. In Sections 15. 31 and 15. 41 we use this to prove 
that (j)-^ and ipAB are smooth on their localized phases and have a non-zero curvature too. 
The latter in turn are used in Section [5.51 to prove the smoothness of / on £. Key ingredients 
in the proofs are the implicit function theorem, the exponential tightness of the excursions in 
the localized phases, and the uniqueness of the maximisers in the variational formulas for (fy^ , 
ipAB and /. 



5.1 Fenchel-Legendre transform of 0^ 

We begin by defining the dual of the single interface model. Let Wl be the set of L-step 
directed self-avoiding paths that start at (0, 0) and end at (x, 0) for some x € {1, . . . , L}. For 
TT E Wl, let /i(7r) be the number of horizontal steps in tt. For A > 0, define (recall (j2.4.2p ) 

C/-.^(a,/3;A)= Yl e-^'^W-^r'W 

^^^^ (5.1.1) 
M'^(a, 13; A) = lim -- log U^'^ {a, (3; X) u> — a.s. 

L— >00 Li 

and 

k{X)= lim ^log V e-^'^W. (5.1.2) 
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J-Step of TTi 



j-th step of TT2 



7r2 



Figure 10: A pair of paths (7ri,7r2) whose j-th steps are the same and occur at the same 
height. 



The convergence w-a.s. and in mean and the constantness i^-a.s. of u^{a, /3; A) follow from the 
subadditive ergodic theorem (Kingman [6]). Set 

= {(a,/5, A) = CONE X [0,00): u^{a,^;X) > k{X)}, (5.1.3) 

i.e., the region where the dual of the single linear interface model is localized. 

Proposition 5.1.1 The function (a,/3, A) 1— > u^{a, (3; X) is infinitely differentiable on Cu- 

Proof. The proof is similar to that of the infinite differentiability of the free energy for the 
single interface model, proved in Giacomin and Toninelli [1]. Therefore, we only sketch the 
main steps in the proof and refer to [4J for further details. 

Step 1. The claim follows from the Arzela-Ascoli theorem as soon as we prove that for all 
{ao,f3o,Xo) £ Cu there exists V C a neighborhood of {ao,f3o,Xo) such that for all k G 'N, 
the A:-th derivative of L~^E(log [/^'"^(a, /3; A)) w.r.t. any of the parameters a, /?, A is bounded 
uniformly in L and {a, /3, A) G V, where E denotes expectation w.r.t. iv. 

For a, 6 G N with a < b, let Ti.a,b be the set of bounded functions that are measurable 
w.r.t. the (T-algebra cr{TTj : j £ {a, . . . , b}). As explained in [1], the conditions of the Arzela- 
Ascoli theorem are satisfied once we show that for all {ao, (3o, Aq) € Cu there exist Ci, C2 > 
and V C Cu such that, for all 01,61,02,62 S N with oi < 61 < 02 < 62 < ^ and (/i,/2) G 
'Hai,bi X 'Ha2,b2 ^nd {a,(3,X) G V, the following inequality holds: 



e(s^'^(/i/2) - E^^^{h)El^{h)) < Ci ll/ilU II/2II00 e-^^^'^^-^^). (5.1.4) 

L 1' 

dm])) 



Here, E'^''^ is expectation w.r.t. the law of the L-step copolymer at fixed co given by (recall 



= g-A/xW-z^r^ W . (5.1.5) 

Next, the correlation inequality in (|5.1.4p will follow once we show that there exist Ci, C2 > 
and V C Cu (depending on qq, (3o, ^0) such that, for all a,b,L £ N with a < b < L, we have 

K{[P^'^f\Ba,b)) < Cie-^2(^-'^), (5.1.6) 

where [p^'-^]'^2 jg ^j^g joint law of two independent copies of the L-step copolymer at fixed u, 
and 

Ba,b = {(tt"*^, vr^) : ^ J G {a, • • • , 6} such that the j-th steps 

(5.1.7) 

of TTi and 7r2 are the same and occur at the same height}. 
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Indeed, on [-Ba,;)]"^ the two paths can be coupled as soon as they make the common step. An 
example of a pair of paths (tti, ■K2) not in Ba^b is displayed in Figure [TOl 

Step 2. For i = 1,2 and M G N, let li^M be the number of excursions of vTj (either strictly 
positive or non-positive) that are included in {a, ■ ■ ■ ,b} and are smaller than or equal to M. 
Let 

£M{7ri) = {{b\,e\),...,{bl^,^,elJ}, (5.1.8) 

where (6*- , e*- ) denote the end-steps of the j-th excursion. Put rj = e*- — bj + 1, and for 7 G (0,1) 
let 

li,M 



vr.: ^rj>7(6-a)^. (5.1.9) 



Lemma 5.1.2 (i) For all 70 S (0,1) and (oq, Pq, Xq) S t/iere exist M G N, an open 
neighborhood V of {oq, /Sq, Aq) in Lu and Ci, C2 > suc/i that, for L > b > a and (a, /3, A) G V, 

E (p'^'^(A,7o,m)) > 1 - Cie-^^^"-"), i = l,2. 

(ii) For all Tq G N and {uq, (5q,Xq) G i/iere exist 7 G (0,1), an open neighborhood V of 
(ctO) /9o) •^o) and Ci, C2 > suc/i t/iai, /or all L > b > a and (a, A) G V, 

E (p^'^(A,7,To)) < C7ie-^^(^-'^), i = l,2. 



Proof, (i) This part gives the exponential tightness of the excursions of the copolymer in 
the localized phase. Compared to Proposition I3.1.H both the model and the statement are 
different. However, the same tools can be used and for this reason we only give a sketch of 
the proof. By the definition of A 70 M' there are two cases. 

[Case 1] The sum of the lengths of the strictly positive excursions larger than M in {a, ■ ■ ■ ,b} 
is >7^. 

[Case 2] The sum of the lengths of the non-positive excursions larger than M in {a, ■ ■ ■ ,b} is 

In Case 1, by concatenating the strictly positive excursions larger than M in {a, ... ,6}, we 
can bound the total entropy carried by these excursions from above by the entropy of a single 
excursion large at least 7^-^. Therefore, the gain in the free energy obtained by relaxing this 
large excursion is, for b — a large enough, of order exp[C2(6 — a)], with C2 = ■^[n(A) — k(A)]. By 
choosing a small enough open neighborhood V of (uq, (3o, Aq) in £„, we get that there exists a 
c > such that, for all (a, (3, A) G V, we have u{a, (3; A) — k(A) > c. Thus, ^ is a lower bound 
for C2, uniform in V. In Case 2, a similar argument applies. 

(ii) Again we only sketch the proof. We partition {a, ■ ■ ■ ,b} into blocks of size R. A block 
is called "good" if it carries only monomers of type A. By the law of large numbers, there 
exists a Cij > such that approximately cr(6 — a) of the blocks are good. We can therefore 
choose 7 close enough to 1 such that, on Ai^-y^r, at least ^{b—a) of the good blocks are covered 
only by excursions smaller than T. Such blocks are called "good T-blocks". Consequently, 
more than ^ excursions are required to cover a good T-block and so at least ^ steps in each 
good T-block are below the interface. Thus, by relaxing the condition Ai^'y^T, we can replace 
on each good T-block the excursions shorter than T by a long strictly positive excursion. This 
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does not decrease the entropy, but increases the energy by at least (3^ on each good T-block. 
Summed up these energy increases are of order ^{b — a)/3^. □ 

Step 3. Let D = 3 j^.j Ci A2 i and Tm = {<fA/(vri): vri G ^-j^ 3 j^.j}. For i = 1,2 and 

£m £ '^M, let J"^{£m) = {ttj : <SA/(7rj) = £ai}- Then Lemma [5.1.21 applied at 70 = | implies 
that there exists M G N, an open neighborhood V of (uq, Po, Xq) in Cu and Ci,C2 > such 
that for L > 6 and (a,/3, A) G V we have [P'^'^]'^^{D'') < 2Cie-<^2(''-°), so that it remains to 
estimate [P'^'^]®^{Ba,b D D). 



(5.1.10) 



[PtY'^'iBa,, nD)= Yl [PL'^f\Ba,, n {J\£l,) X j'i£l)} 
= E {hn.eJHSl,)} Pf{B,,b n {vri G j\£l,)} \ vr^)) . 

Next, set i = 2 if i = 1 and vice versa, and define 

n\£i,,£l,) = {j G {1, . . . , li,M} : 4 or G {ftj, e}} for some G {1, . . . , l- ^^}]. (5.1.11) 

By the definition of 3 in (jS.l.Op . for any £^_j,£f,j G Tm there are at least \{b — a) steps in 
{a, . . . , 6} belonging to excursions smaller than M, in both vri and 7r2. Therefore we can choose 
a C > small enough such that, for all £]^,£f^ G Tm, either \TV {£j^j , £f^)\ > C{b — a)/M or 
1 7^' (f|^, £"1^)1 > C{b — a)/M. Without loss of generality, we may assume that \1Z^ {£\j , £l^)\ > 
C{b — a)/M. Because of the condition imposed by -Ba,6i for all j G TZ^ {£l.j , £f.j) the excursion 
of TTi on {bj, . . . , ej} has some prohibited parts. Indeed, 112 starts or ends an excursion inside 
{bj, . . . , ej}, which restricts the possible excursions of vri, because tti cannot make the same 
step as 7r2 at the same height. Moreover, there is only a finite number of possibilities to make 
an excursion smaller than M and so, for all j G TZ^ {£l^ , £j^) , relaxing the condition Ba^b on 
{bj, . . . ,ej} amounts to increasing the probability in (|5.1.10p by a factor Q > I depending 
only on M, i.e., 

P-^^{b^, n {vri € J\£l,)} I vr^) < Q-\^' (^i.^Dl p-'\{n, G jHsil)}) ■ (5.1.12) 
Therefore, since {£lj , £lj)\ > C{b-a)/M, (|5.1.1U|) becomes 

[P'^'^f^iBa^bnD) < e-^'-ir^^sQ^ (5.1.13) 
which proves (|5.1.6|) and completes the proof of Proposition 15.1.11 □ 
The following proposition provides the link between and (p-^. 

Proposition 5.1.3 For A > 0, 

u^{X)= sup {-Xp + (P^{l/p)}. (5.1.14) 

pe(o,i] 

Proof. For p G (0, 1], let Wl{p) = {tt G Wl: h{Tr) = pL} and 

C/-'^(A,p)= e-^'^W-^^'^W. (5.1.15) 
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By restricting the sum defining U'^''^{X) in ()5.1.ip to the set Wl{p), we obtain ^■^(A) > 



limL^ooIE[L -"^logC^' {X, p)] = — Xp + ip'^ {1 / p) . Therefore, optimising over p, we get u^(A) > 
suPpg(o,i]{-Ap + (l)^{l/p)}. 

To prove the reverse inequality, we note that an analogue of the concentration inequality 
(|3.1.4p gives that there exists a C > such that, for all L G N, p G (0, 1] and e > 0, 



^logC7^'^(A,p)>E 



log[/^'^(A,p) 



+ e] <Cexp[-e^L/C{a + pf]. (5.1.16) 



Next, we define the event 



J(L) 



.L}: jlogU'^'^iX,j/L)>E 



3jG{l 

and abbreviate E{L) = E[L-^ log U^'^{X)]. Then we can write 
1 



jlogU^'^{X,j/L) 



+ e 



(5.1.17) 



i?(L)<E((-logC/^'"(A))lj(z.))+E 



(5.1.18) 



Trivially, the quantity L^^ log U^'^{X) can be bounded from above by a + k{Q) (recall (|5.1.2p ). 
uniformly in L and lo. Therefore, with the help of the inequality in (I5.1.16p . we see that the first 
term in the r.h.s. of (|5.1.18p is bounded from above by (a + K(0))CLexp[— e^L/(C(a + /?)^)], 
which tends to zero as L — > oo. Moreover, for every j G {1, . . . , L}, a standard subadditivity 
argument gives that E(L~^ log [/^'"^(A, j/L)) < —Xj/L + (f)^{L/j). Therefore, on the event 
[J(L)]^ we have that L'^ logC/^'^(A, j'/L) < -Xj/L + (t)^{L/j)+e for all j G {1, . . . , L}. Thus, 
the second term in the r.h.s. of (|5.1.18p is bounded from above by (logL)/L+maXpg(o,i]{~'^P+ 
^■^(l//?)} + e. Letting L — > oo and e | 0, we obtain Huil^oo Ei{L) < maXpg(o,i]{~A/9 + 
(j)'^{l/p)}, which is the reverse inequality we were after. □ 

Since p i— > cf^il/ p) is continuous and concave, we can apply the Fenchel-Legendre duality 
lemma (see Dembo and Zeitouni [2], Lemma 4.5.8), to obtain 



ct>\p) = -ml{X/p + u\X)}, 



In the same spirit we have 



k{X) = sup {-A/9 + k(1//9)}, 
pe{o,i] 

kip) = inf {A//i + k(A)}, 

A>0 



p>l. 

A > 0, 
p>l. 



(5.1.19) 



(5.1.20) 



5.2 Positive and finite curvature of viF 

In Propositions 15.1 T115 . 1 . 31 we found that vF is smooth and is the Fenchel-Legendre transform 
of (fP' . In Section [5.31 we will exploit these properties to obtain information on (jp- . To prepare 
for this, we first need to show the following. It is immediate from (|5.1.ip that A ^ u^{a, /3; A) 
is convex. Lemma 15.2.11 and Assumption 15.2.21 below state that it has a strictly positive and 
finite curvature. To ease the notation, we suppress a, (3 from some of the expressions. 
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Lemma 5.2.1 For all (a,/3,A) G d^u-^ {a, P; X)/dX^ > 0. 

Proof. It suffices to prove that for all (a,(3,Xo) G Cu there exist C, e > such that, for all 
A G Ie{Xo) = [Ao - e, Ao + e] and L > 1 



E [i?-'"]«2([/,(vri) - h{n2)]') > CL, (5.2.1) 



where -E^'"^ is expectation w.r.t. the law in (jS.l.Sp . and A is suppressed from the notation. 

Step 1. By lemma [5.1.2( 11). we can assert that for all Tq G N there exist zq G (0,1) and 
Lq G N such that, for all L > Lq and A G /^(Ao), 



E 



(PL'{{j:-klir,>To}>zoL})) > l- (5.2.2) 
^ k=l ^ 



where is the length of the /c-th excursion. Similarly, by Lemma [5.1.2( i). there exists Mq G N 
with Mq > To and Li G N such that, for all L > Li and A G /^(Ao), 



El 



k=i ^ 



Abbreviate Fq = {Tq + 1, . . . , Afo} x Let (j, cr) G Tq and L > L2 = max{Lo,Li}. 

Define 

II II 

ML) = { E^fcl{To<r,<A/o} > y^} and So-,a)(L) = { ^ TaK,=j,a,=a} > -^[j^^TjiA^} ^ 
k=i k=i ^ " ^' 

(5.2.4) 

where (Tfc is the sign of the fe-th excursion. It follows from (j5.2.2H5.2.3|) that EfP^' (A(L))) > ^ 



and A(L) C U(j o-)gro^(j,o-)(-^). Since |ro| = 2(Mo — to), for all L > L2 and A G le(Ao), there 
exists a (j^, cjl) G Tq such that 



> J^j^y (5.2.5) 

Step 2. Henceforth, we abbreviate = Sq-^ ,^^)(L). We will show that the quantity 

= K([E-'^f^([h{7r,) - h{n2)f iB.(vri) Ib4^2))) (5.2.6) 



is bounded from below by CL for some C > 0, which will complete the proof of (|5.2.ip . For 
given IT, we let 

r(^) = m,T{,a^), . . . , m^,Tl^,ai^)} (5.2.7) 

denote the starting points, ending points and signs of the II excursions of vr between and 
L. For r G N, we set 

Z^ = {T{7t): 7TeB^,lL=r}, (5.2.8) 

and we denote by £{T,a) the set of excursions of length T and sign a. Futhermore, we write 
(ei, ...,£,.) ~ T as short hand notation for (ei, . . . , e^) G — Ti, ai) x • • • x SiT^ — T^, ar)- 
With this notation, we can write the quantity in ()5.2.6p as 



L 

'r,T,f,f 



(5.2.9) 
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with Zf^ the total partition sum, 



r,T,f,f 



E E UU zr z^ E"(e.)-E"fe 



{ei,...,er)^T (£i,...,ef,)~T ^=1 ^=1 

and (recah ^2M) 



(5.2.10) 



E 



-\h{es)-H^'^{es) 



-Xh{es) 



(5.2.11) 



Note that i?^ _ ^ does not depend on to. 

r,l ,r,l 



Step 3. Putting 



Xs = h{es), Xs = hies), to = ^o/4Mo(Mo - Tq) 



we note that in R^^ _ ^ the random variables 



(Xi , . . . , Xr , , . . . , Xr 



(5.2.12) 



(5.2.13) 



are independent, and that the law of Xs depends on (T^ — Ts,cJs). Since {T,T) G Z/" x Z~ 



there are at least toL excursions of length ji and sign ai in T and T. Let (si, 
(si, . . . , stgi) be the indices of the toL first such excursions in T and T, put 



-= V 

r,T,r,r 

se{l,...,r}\{si,...,StQi,} 



sG{l,...,f}\{si,...,Stj,i} 



, stoi) and 
(5.2.14) 



and write (|5.2.10p as 



R 



r,T,f,f ^T,f 



toL 



r,T,f,T 



k=l 



(5.2.15) 



where Wk = Xg,. — and Erpf denotes expectation w.r.t. the law of (j5.2.13p . Clearly, 
W = iWk)k£{i,...,toL} are i.i.d., symmetric and bounded random variables. Denote their 
variance by vl- We can choose Tq large enough so that the Wk are not constant. Moreover, 
since the Wk have only a finite number of laws, there exists an a > such that vl > a for all 
A e /e(Ao) and L > L2. 

Step 4. At this stage, we may assume without loss of generality that Pj,rp{Y^^^^ > 0) > ^. 
Then (|5.2.15l) gives 



> 



toL 

0) i^T,T([E^^. 



^ I^UL,<rL) 



k=l 



toL 

[Y.Wk 



(5.2.16) 



k=l 



where E^j^^^^-j is expectation w.r.t. the law of W. Since the W^ take only values smaller than 
2Mo, their third moments are bounded by some finite N uniformly in A G /^(Ao) and (j, a) S 
Tq. Therefore we can apply the Berry-Esseen theorem and, writing ^(u) = P{M{0,1) < u), 



34 



li E M with A^(0, 1) a standard normal random variable, can assert that, for all u G M, 
A G /e(Ao) and {j,a) G Tq, 



toL 



k=l 



< 



3N 



(5.2.17) 



where P(j^a) is the law of W when (JljO'l) = U^^)- Taking the restriction of the r.h.s. of 
(|5.2.16p to the event K = {Yfk^i Wk/VU)L^ G [1, 2]}, we obtain 



R 



r,T,f,T 



>^P(,.)(i^)>^(e(2)-e(i) 



67V 



(5.2.18) 



which implies that R^^,^ > t^L for L large enough and some t'^ > 0. Recalling (j5.2.9p . we 
can now estimate 

> t'QLE{[P'^^^f\B^)) > t[)L/4(Mo - To), (5.2.19) 
which yields (f5:2TD with C = ioL/4(Mo - Tq). □ 



Assumption 5.2.2 For all (a,/3) G CONE and A > there exist C(A) > and 6o > such 
that, for all 6 G (0, 6o], 

u^{X -6)+ u^{\ + 5)- 2n^(A) < C{\)5'^. (5.2.20) 

Although we are not able to prove this assumption, we believe it to be true for the following 
reason. First, as a consequence of Proposition 15.1.11 we have that, for all (a, (i) G CONE, 
A I— > u(a,/3;A) is infinitely differentiable on the set {A G [0,oo): n(a,/3;A) > k(A)}. Since 
A I— > k(A) is infinitely differentiable on [0,oo), this implies that A i-^ n(a,/3;A) is infinitely 
differentiable on the interior of the set {A G [0, oo) : ?x(a, (3; A) = k(A)}. Thus, the assumption 
only concerns the values of A located at the boundary of the latter. For these values, proving 
the assumption amounts to proving the reverse of inequality (I5.2.ip . i.e., showing that the 
variance of the number of horizontal steps made by the polymer of length L is of order L, 
which we may reasonably expect to be true. In Remark 15.3.31 we give a weaker alternative to 
Assumption 15.2.21 

5.3 Smoothness of 0^ in its localized phase 

Having collected in Section [5 . 1H5 . 21 some key properties of the dual free energy v?' , we are now 
ready to look at what these imply for (jy^ . We begin by showing that (jy^ is strictly concave. 

Lemma 5.3.1 Let 

m-w{^:).kfi{-^)-^^{^). (5.3.1) 

Then, for all (a, 13) G CONE and po G (0, 1) there exist C > and Sq > such that, for all 

D{6) < -CS^. (5.3.2) 
This inequality implies the strict concavity of 4>-^{l/p) on (0, 1]. 
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Proof. Lemma 15.2.1 1 states the strict convexity of A i— > u^{X), which imphes the uniqueness 
of the maximiser in the variational formula (|5.1.19p . i.e., there exists a unique Aq = Ao(p) > 
such that (tP'{l/ pq) = XqPq + w^{Xo). Let x > 0. By picking X = Xq — x6 in (|5.1.19p with 
/X = l/(/9o + S)i and X = Xq + x6 in (j5.1.19p with p = l/{po — 6), we obtain 

D{6) < i[(Ao - x6){po + S) + n^(Ao - x6)] 

+ i[(Ao + x6)ipo -6)+ u^iXo + x6)] - Xopo - n^(Ao) (5.3.3) 

= -xS"^ + i[u^(Ao - x6) + ^^(Ao + x6) - 2n^(Ao)]. 

Picking X = l/2C(Ao), with C(Ao) the constant in Assumption 15.2.21 we see that (|5.3.3p 
implies, for < (5 < 2C(Ao)(5o, 

D{6) < -x5^ + C{Xo)x^S^ = -6^/4C{Xo), (5.3.4) 

which proves (|5.3.2p . To prove the claim made below (j5.3.2p . pick 1 < u < v and consider 
(|5XT1) at the point pQ = {u + v)/2. Then, by (f5XTH5X2]) . there exists aO < 5 < {v - u)/2 
such that 



(^) -</> (-) </> (-)-v^ V 1 



< ^° ^ . (5.3.5) 



|p=. < l.h.s. < r.h.s. < |p=„, (5.3.6) 



Since v > po + S > po — 6 > u, it follows that 
5p VP. 

with — and + denoting the left- and the right-derivative. □ 
We are now ready to prove that (jy^ is smooth. Let 

£^ = |(a,/3,^) = CONE X [l,oo): c/)^ {a, (3; p) > k{p)} , (5.3.7) 
i.e., the region where the single linear interface model is localized. 

Proposition 5.3.2 {a,(3,p) i— > (jy^ {a, (3; p) is infinitely differentiable on C^. 

Proof. Let (a, /5, p) G C(f,. Lemma 15.2.11 states the strict convexity of A ''^{'^) on {-^ • 
u{X) > k(A)} and it can be shown that A '^(A) is strictly convex on [0,cxd). This entails 
that A 1-^ ?^'^(A) is strictly convex on [0, oo). Therefore, the variational formula in (15.1.19P 
attains its maximum at a unique point A(/x) > 0, so that the variational formula in (j5.1.14p 
allows us to write 

</>^(;u) = X{p)/p + sup {-X{p)p + 0^(l/p)}, (5.3.8) 

PG(0,1] 

after which the strict concavity of p i-^ (fP'{l/ p) (recall Lemma l5.3.ip implies that this supre- 
mum is attained uniquely at p = l/p- Since (fP'ip) > k{p) for all p, and (jy^ip) > k{p), 
the variational formula in (j5.1.20p allows us to write w^{X{p)) > k{X{p)), and therefore 
{a,(5,X{p)) G Cu- 
Next, let 

S = {{a, (3, p, A) e CONE X [1, oo) X [0, oo) : (a, (3, p) G C^, (a, [3, X) G , (5.3.9) 
and define Ti as 

T,: ia,P,pA)eS^'-^^^h^±f^. (5.3.10) 

We want to apply the implicit function theorem in Bredon [Ij, Chapter II, Theorem 1.5, to 
Ti. This requires checking three properties: 



36 



(i) Ti is infinitely differentiable on S. 

(ii) For all {a,(3,fi) G C^, A(//) is the unique A G [l,oo) such that (a,/3, A) G Cu and 
Ti(a,/5,/i, A(^)) = 0. 

(iii) For all (a,/5,/i) G ^(a, /3, ^u, A(/i)) / 0. 

Property (i) holds because is infinitely differentiable on (by Proposition 15 . 1 . 1]) . Property 
(ii) holds because A ^ u-^W is strictly convex (by Lemma l5.2.ip . Moreover, Lemma 15.2.11 
gives that 

-^{a, (3, fi, A(/i)) = A A(/x)) > 0, (5.3.11) 

so property (iii) holds too. We can therefore indeed use the implicit function theorem, ob- 
taining that (a, /3, /x) A(/x) and (a, (3, fj.) ^ (f^{a, /3; /i) are infinitely differentiable on i2^. 

□ 



Remark 5.3.3 Assumption \b.\.l\ can he weakened. Namely, instead of assuming finite cur- 
vature of X u{a,P;X), we may assume strict concavity of fx ii(jp'{ii) (which is already 
known to he concave). This strict concavity is implied by Assumption 15.2.21 Lemma \5.'d.l\ and 
(j5.4.ip . and is sufficient to guarantee, in the proof of Proposition [5.3.21 that X{fi) in (j5.3.8p 
is unique and satisfies (q,/9, A(/x)) G This in turn is enough to carry out the rest of the 
proof. 



5.4 Smoothness of ^Pab in its localized phase 

In this section we transport the properties of (j)-^ obtained in Section [5T3l to tpAB- We begin 
with some elementary observations. Fix (a,/3) G CONE and recall ()2.3.4p . By Lemma 15.3.11 
and Lemma l2.2.1f ii). for all a > 2, {c,b) i— > ccjy^^c/b) and {c,b) i— > (a — c)K,{a — c, 1 — 6) are 
strictly concave on DOM(a). Consequently, for all a > 2, the supremum of the variational 
formula in (j2.3.6p is attained at a unique pair (c, b) G DOM(a) (use that DOM(a) is a convex 
set). 

Next, note that Lemma [5. 3. II and Pr op osition 1 5 . 3 . 2] imply that for all (q,/3,po) £ there 
exists a C > such that 

^[p<P'{p)]{Po) = ^^f^[4>^{Vp)] ii) < -C. (5.4.1) 

Let 

= {{a,P,a) G CONE x [2,oo): i/jAB{a, (3;a) > w}, (5.4.2) 
i.e., the region where ipAB is localized. Our main result in this section is the following. 

Proposition 5.4.1 (a,/3, a) i-^ %1)ab{(^, (3',a) is infinitely differentiable on C^. 

Proof. Define 

C-a,p,a = {(c, b) G DOM(a) : f{a, [3; c/b) > k{c/b)}. (5.4.3) 

As noted above, the variational formula in (j2.3.6p attains its maximum at a unique pair 
{c{a, j3;a),b{a, j3;a)) G DOM(a). We write (c(a),6(a)), suppressing (a, /3) from the nota- 
tion. Since (a, /3) G C (recall (|1.3.ip ). Lemma [2.2.2r iv) and Proposition 12.3.41 implv that 
(c(a),6(a)) G £a,/3,a- Let 

F(c,6) = C(/)(c/6), F{c,h) = {a-c)K{a-c,l-b), (5.4.4) 
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and denote by {Fc, Ff,, Fee, Feb, Fbb} the partial derivatives of order 1 and 2 of F with respect to 
the variables c and b (and similarly for F). By the strict concavity of (c, b) F(c, b) + F(c, b) 
in DOM(o), we know that (c(a),6(a)) is also the unique pair in Ca^p^a at which Fe + Fe = Q 
and Fb + Fb = Q. 

We need to show that (c(a),6(a)) is infinitely differentiable w.r.t. (a,/3, a). To that aim 
we again use the implicit function theorem. Define 

TZ = {{a,l3,a,c,b): {a, 13, a) £ C^, {c,b) £ Ca,f3,a} (5.4.5) 

and 

T2 : (a, /3, a,c,b)£n^ (F, + F„ Fb + Fb). (5.4.6) 

Let J2 be the Jacobian determinant of T2 as a function of (c, b). Applying the implicit function 
theorem to T2 requires checking three properties: 

(i) T2 is infinitely differentiable on TZ. 

(ii) For all (a,/3, a) G C^, {c{a),b{a)) is the only pair in Ca,/3,a satisfying T2 = 0. 

(iii) For all {a, 13, a) £ C^, J2 7^ in (c(a),6(a)). 

As explained below (I5.4.4p . property (ii) holds. Proposition 15.3.2] and Lemma 12.2.2^ 11) show 
that also property (i) holds. Computing the Jacobian determinant J2, we get 

J2 = (Fee + Fee)iFbb + hb) " {Feb + Kb? ■ (5-4.7) 

Since FecFbb - F^ = 0, Fbb = ^J''^Fee and Feb = ^^Fcc, (|5.4.7p becomes 

J2 = FeeFbb - Fl + Fee [Fbb + 2flFeb + fl"^ Fee] ■ (5.4.8) 

By the concavity of c i-^ F{c, b) and c i— > F{c, b), we have Fee < and Fee < 0. Moreover, by 
the concavity of (c, b) i— > F{c, b), its Hessian matrix necessarily has two non-positive eigenval- 
ues. Therefore, the determinant of this matrix is non-negative, i.e., FeeFbb — F"^ > 0. This, 
together with the inequality Fee < 0, implies that /x i— > Fbb + '^fJ-Feb + fJ-'^Fee is non-positive on 
M. Hence J2 > 0. 

Lemma 5.4.2 FeeFbb - F^^ > 0. 

Proof. The strict inequality can be checked with MAPLE. In [5], an explicit variational 
formula is given for the entropy function in ()2.2.2p . which is easily implemented. □ 

It follows from Lemma 15.4.21 that J2 > 0, which proves property (iii). We know from Lemma 
12.2. l( ii) and Proposition 15.3.21 that F and F are infinitely differentiable on DOM (a) for all 
a G [2, 00). Hence, the claim indeed follows the implicit function theorem. □ 

We close this section with the following observations needed in Section [5. 5[ 
Lemma 5.4.3 Fix {a, (3) G CONE. 

(i) For all k,l £ {A,B}, a ipklio-) is strictly concave on [2,cxd). 

(ii) For all k, I £ {A, B} with kl 7^ BB, lima^oo aV'fc/(o) = 00. 
(Hi) For all k,l £ {A,B}, \\m.a-^oo d[ailjki{a)\/ da < 0. 
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Proof, (i) This is a straightforward consequence of the observations made at the beginning 
of this section, together with the strict concavity of /i i-^ proved in Lemma l5.3.1[ 

(ii) Because tpAB ^ ipAA, it suffices to consider kl £ {AA, BA}. For kl = AA, the claim is 
immediate from Lemma [2.2.ir iii) and (j2.3.ip . For kl = BA, we use the fact that </''^(/x) > 
(recall (|2.3.8p ) in combination with the variational formula of Lemma 12.3.21 with c = a — | 
and b = ^. This gives 

aV'BA(a) > i (2a - 3) k{2a - 3) + | [k(|, ^) + ^(/3 - a)] , (5.4.9) 

which yields the claim because fJ-kdi) ~ log^ as ^ — > oo by Lemma l2.2.2r iii). 

(iii) Since, for all k,l £ {A,B}, ipAB ^ V'fc/ ^iid a ^ a'iljki{a) is concave, it suffices to prove 
that lim sup(j_^Qj3 (ti) ^ 0. The latter is immediate from the variational formula in (j2.3.6p 
and the fact that \mia-,oo 0"^(o) = (Lemma l4.2.6r il) and WvHa^co i^io-j 1) = 0( (|2.2.3p ). □ 



5.5 Smoothness of / on £ 

We begin by proving the uniqueness of the maximisers in the variational formula in ()2.1.1ip . 
For (a,/3) E CONE, p € (0, 1) and (pki) G Hip), let (recall (pT9]) ) 

f{Pki)= sup V{{pki),{aki)), 

0^p^^) = {kl£{A,B}^: pki>0}, 

nf{p) = {{p,i)£iz{p): f = fi,,,^}, (^-^-^^ 

= U ^(P.O- 

Proposition 5.5.1 (i) For every (a,/3) G CONE, p G (0, 1) and p = (pki) G T^ip), there exists 
a unique family = [a'^j^i)kl&Op G A satisfying 

fp = p = V{p, aP). (5.5.2) 

(ii) For every {oi,j3) G CONE and p G (0,1), TZ^ (p) ^ and there exists a unique family 
^^ki){k,i)<^V(j>) such that a^j = a^^ for all p G TZ-^ip) and kl G Op. 

Proof. Recah Theorem EXU 

(i) The case pbb = 1 is trivial. In that case we have fp = supagg>2'^BBiaBB) = i^BB^o*) = 
+ (by Lemma [2 . 2 . 1 T iv) ) . and so a^^ = a* = |. Therefore assume that pbb < 1- Then 
at least one pair kili G {AA, AB, BA} satisfies p^-^i-^ > 0, and since limu^^uipk^i-^^{u) = oo 
by Lemma l5.4.3( ii). we have fp > 0. The latter is needed in what follows. 

To prove existence of a^, for > let 

fp,R= sup V{p,a). (5.5.3) 
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We prove that for R large enough the supremum in (j5.5.2p is attained in [2, Kf^'' ■, i.e., fp = fp^R- 
Indeed, for a e A, p £ TZ{p) and A:2^2 S {A,BY we have (recall (|2.1.9p ) 

(^"■kih l^kl Pkiakl ^ OU 2 2 J 

Moreover, for every kl E {A,B^^, u ^ uipki{u) is strictly concave and u i— > d[u'ijjki{u)]/du is 
strictly decreasing (by Lemma l5.4.3l fi)) and converges to a limit < as u — > oo (by Lemma 
I5.4.3r ih)). Pick R > large enough so that d[ml^ki{u)]/du < fp/2 for all u > and kl e 
{A,B}^. We will show that fp > fp^R implies that V{p,a) < max{/p/2, /p^r} for all a G 
A \ [2, R]^'', and this will provide a contradiction. 

To achieve the latter, assume that A A G Op and consider, for instance, a G A such that 
UAA > R and Ofc/ < R for kl G Op\{AA}. Fix x > R and denote by a^' the element of Op given 
by a^^ = X and a^; = Ofc;, A;/ G Op\{AA}. Since G [2,ii]'^'', we have V{p,a^) < fp^R < fp 
and 

V{p,a'')-V{p,a^)= / ^f— (p,a")du. (5.5.5) 



Since, by ()5.5.4p . the sign of {dV/daAA){p, «") is equal to the sign of d[mpAAiu)]/ du—V {p, a"), 
it follows that V{p,a^) decreases with x whenever V{p,a^) > fp/2. Since V{p,a^) < fp, 
we therefore have V{p,a^) < max{/p/2, /p^/j} for all x > i? and, consequently, V{p,a) < 
max{ /p/2, /p^ij}. Therefore the supremum of (|5.5.2p is attained in [2,R]^''. 

The uniqueness of realising fp = V{p,a^) follows from (j5.5.4p . because for each kl G 
{A, B}^p we must have {dV/daki){p, a^) = 0. This means that for each kl G Op we must have 

L=<, = aP) = sup V{p, a), (5.5.6) 

and, since u i— > uipki{u) is strictly concave (by Lemma 15.4.3( 1)). there is only one such a^i for 
each kl G Op. 

(ii) As shown in [5j, Proposition 3.2.1, p^ fp\s continuous on TZ{p). Therefore, the compact- 
ness of n{p) entails (p) / 0. Consider (^1,^2) e ip) and kl G Op^ n Op^. Then ([53:1]) 
also gives 

du = ^ = 5n ^^-^-^^ 

which, by the strict concavity of u 1-^ uipkiiu), implies that a^J = a^^. □ 

We are now ready to prove the smoothness of / on i2. Because of the inequalities 'tpAA > 
^BB and tpAB > i'BA, the concavity of a 1— > atpAA{0') and a ^ aipAsia) implies that the 
variational problem in ()2.1.11|) reduces to the matrices {M^,7 G C}, with the matrix and 
C the set defined in (j2.1.8p . Write ^^(7, gas, oaa) for the quantity y(M^, (oab, OAA; 0, 0)) 
defined in ()2.1.9p . put 7* = maxC and let (x*(a, /?), ?/*(a, /3)) be the unique maximisers 
(clab^^aa) defined in Proposition 15.5.1"! By differentiating the quantity V{'~f,x*,y*) with 
respect to 7, we easily get that TZ^ {p) contains only the matrix M^*. Thus, we have the 
equality 

/(../^) ^ vi,'..'.y) = (5.5.8) 

Since (a,/3) G £, we have V'ab(x*) > w and therefore (a, /3, x*) G C^. To show that / is 
infinitely differentiable on £, we once more use the implicit function theorem. For that we 
define 

M = {(a, 13, X, y) : (a, 13) G £, (a, /5, x) GC^,y> 2} (5.5.9) 
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and 

T3 : (a, A X, y) E AT ^ (|^(^*' ^' ^' ^0 " ^^'^-^^^ 

Let J3 be the Jacobian determinant of T3 as a function of {a, /3,x,y). To apply the imphcit 
function theorem we must check three properties: 

(i) T3 is infinitely differentiable on M. 

(ii) For all {a, (3) G £, {x*,y*) is the only pair in [2, 00)^ satisfying {a,f3,x,y) S M and 
T3(a,/5,a;,y) = 0. 

(iii) For all (a,/5) G £, J3 / in {a,P,x*,y*). 

It follows from Lemma l2.2.ir ii). Proposition 15.4.1] and (I5.5.8P that property (i) and (ii) hold. 
To get property (iii), abbreviate xiPab{x) = '4'{x), yn{y, 1) = K{y). From Lemma r2.2.ir ii) and 
Proposition 15.4.11 we know that ■0 and k, are infinitely differentiable. By (I5.5.10p . 

J / d^V \2 (5 5 11) 

^ dx"^ dy"^ \dxdy) 

Taking into account that {dV/dx){x* ,y*) = {dV/dy){x* ,y*) = 0, we deduce from (j5.5.8p that 
V''(x*) = n'iy*) and J3 = c*tp" {x*)k" (y*), where c* > is a constant depending on {x*,y*). 
We already know from Lemma l2.2.ir iii) that n"{y*) < 0. 

Lemma 5.5.2 ij"{x*) < 0. 

Proof. For x > 2 satisfying {a,l3,x) £ C^, we will show that {x^pABix))" < 0. For this it 
suffices to show that there exists a C > such that, for S small enough, 

Ti6) = i [(x + 6)^ab{x + 6) + ix- 6)^PAB {x - 6) - 2x^PABix)] < -C6\ (5.5.12) 

Set X-s = X — 6 and xs = x + 6, and let {es, bs) and (e^, bs) be the unique maximisers of 
(I2.3.6P at x-s and xs- Pick (c, b) = (^(e-^ + e^), ^{b^s + bs)) in (I2.3.6p . Since x = ^{x-s + xs), 
we obtain T{6) < Vi{5) + ¥2(5) with 

V2{5) = {x-s - e-s) k{x-s - e-s, 1 - b^s) + {xs - es) k{xs - es,l- bs) (5.5.13) 
- (x_5 + XS- e_s - es) K {^{x_s + xs - e_s - es),l- |(^-5 + bs)) ■ 



Lemma 5.5.3 The determinant of the Jacobian matrix of{a,b) aK{a,b) is strictly positive 
everywhere on DOM. 

Proof. The non-negativity of the Jacobian determinant is a consequence of the concavity of 
(a, 6) aK{a,b) (recall Lemma l2.2.ir ii)). The strict positivity can be checked with MAPLE 
via the explicit expression K{a, b) given in den Hollander and Whittington [5]. □ 

Since (a, b) an{a, b) is concave and twice differentiable, Lemma l5.5.3l allows us to assert 
that on DOM the Jacobian matrix of (a, b) 1-^ a«;(a, 6) has two strictly negative eigenvalues. 
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The second derivatives of k, are continuous. Moreover, the uniqueness of (e_5, b^s) and (e^, hs) 
imply their continuity in 5, and so there exists a C > such that, for 5 small enough, 

V2{6) < -C[{{x^s - xs) - (e„5 - e^))' + - hsf] . (5.5.14) 

In what follows, we set i^(f ) = ((9^/5^/i)[/ii;^'^(^)](|). To bound Vi{5) from above, we compute 
the Jacobian matrix of (e, h) i— > e(fy^{e/b): 

\ b w 



Thus, if for t £ [0, 1] and u £ [0,t] we set e^^t = ^ ^^'^^ + ^(^ ~ ^){^-5 ~ ^s) and b^^, 

b-s+bs 



+ t{u — ^)(6_5 — 6^), then a Taylor expansion gives us 

V,{6) = 1 f dtt rd^^y(g)[(e_,_e,)-g(5„5-65)]'. (5.5.15) 





As explained in the proof of Proposition 15.4.11 the fact that (a, /3, x) S implies (eo,foo) £ 
J~-a,i3,x and therefore (a, /3, |^) S Moreover, C,f, is an open subset of CONE x [1,cxd) and 
(65,65) is continuous in 6, so that for 6 small enough, t G [0,1] and u E [0, t], we have 
{a, (3, 1^) G This implies, by Lemma [5.3. II and by the continuity of the second derivative 

of (j)-^ on Cfp, that there exists a C > such that, for 6 small enough, ^y(|^) < —C. At 
this stage, we need to consider the following three cases: 

[Case 1] \b_s - bs\ > 'fj. Then, (ICT^ gives V2{d) < -^f- 

[Case 2] |e_5 - 65] < 5. Then, since xs - X-s = 25, (|5.5.14|) gives V2{5) <-C5'^. 

[Case 3] |e_5 — e^l > 5 and |6_5 — bs\ < ^ By continuity of 65 and 65, < ^ for 5 small 
enough and therefore 

|(e_5 - 65) - g(6_5 - 65)1 > |e-5 - es\ - |f |6-5 - 65! > <5 - |f = |. (5.5.16) 

Thus, (|5.5.15|) and (15.5.161) give Fi((^) < 

We conclude by setting C = min{|^,C, ^}, so that Cases 1,2 and 3 give T{5) < —CS"^ 
for 6 small enough, which proves (j5.5.12p . □ 

Lemma [5. 5. 21 implies that J3 > 0. Hence, the implicit function theorem can indeed be applied 
to ()5.5.8p . and it follows that / is infinitely differentiable on C. 
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